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Robust and Non-fragile Ho Control for Descriptor Systems with
Parameter Uncertainties and Time Delay

Jong-Hae Kim and Do-Chang Oh

Abstract: This paper describes a robust and non-fragile He controller design method for
descriptor systems with parameter uncertainties and time delay, as well as a static state feedback
controller with multiplicative uncertainty. The controller existence condition, as well as its design
method, and the measure of non-fragility in the controller are proposed using linear matrix
inequality (LMI) technique, which can be solved efficiently by convex optimization. Therefore,
the presented robust and non-fragile He controller guarantees the asymptotic stability and
disturbance attenuation of the closed loop systems within a prescribed degree in spite of
parameter uncertainties, time delay, disturbance input and controller fragility.
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1. INTRODUCTION

The problem of H,, control for standard state-space
has received considerable interest over the last decade.
Although H, control theory has been perfectly
developed, most works have been developed based on
state space equations. Recently, much attention has
been given to the extensions of the results of H
control theory for state-space systems to descriptor
systems. State space models are very useful, but the
state variables thus introduced do not provide a
physical meaning. Hence, the descriptor form is a
natural representation of linear dynamical systems,
and makes it possible to analyze a larger class of
systems than state space equations do [1,2], because
state space equations cannot represent algebraic
restrictions between state variables and some physical
phenomena, like impulse and hysterisis, which are
important in circuit theory. Although Ho control
theory in descriptor systems has been developed over
the last decade, there are no papers considering non-
fragile H,, controller design methods for descriptor
systems.

It is generally known that feedback systems
designed for robustness with respect to plant
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parameters, or designed for the optimization of a
single performance measure, may require very
accurate controllers. An implicit assumption that is
inherent to those control methodologies is that the
controller is designed to be implemented precisely.
However, the controller implementation is subject to
A/D conversion, D/A conversion, finite word length
and round-off errors in numerical computations, in
addition to the requirement of providing the practicing
engineer with safe-tuning margins. Therefore, it is
necessary that any controller should be able to tolerate
some uncertainty in parameters. Since controller
fragility is basically the performance deterioration of a
feedback control system due to inaccuracies in
controller implementation, the non-fragile control
problem has been an important issue [3-8].

In a recent paper, Keel et al. [3] have shown that
the resulting controllers exhibit a poor stability margin
if not implemented exactly. So, some researchers have
developed non-fragile controller design algorithms [3-
8]. Haddad et al. [4] proposed a non-fragile controller
design method via quadratic Lyapunov bounds. And,
Famularo et al. [5] considered the LQ robust non-
fragile static state feedback controller design method
in the presence of uncertainties in both plant and
controller. However, Famularo et al. [5] did not obtain
the wvalue of the non-fragility directly, but
predetermined the value of non-fragility before
finding a controller. Also Dorato et al. [6] dealt with
the problem on the design of non-fragile
compensators via symbolic quantifier elimination.
However, the existing works have been focused on the
non-descriptor systems.

Since the stability analysis and control of dynamic
systems with time delay are problems of recurring
interest as time delay often is the cause for instability
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and poor performance of control systems, the study of
time delay systems has received considerable attention
over the past years [9,10, and references therein]. This
fact motivates the author to develop robust and non-
fragile Hoo control of singular systems with parameter
uncertainties and time delay.

In this paper, we propose a robust and non-fragile
Ho state feedback controller design method for
descriptor systems and static state feedback controller
with multiplicative uncertainty. The condition of
controller existence, the design method of robust and
non-fragile He controller, and the measure of non-
fragility in controller are presented via linear matrix
inequality (LMI) technique. The measure of non-
fragility is related to the performance of controller
gain variations. Also, the sufficient condition can be
rewritten as an LMI form in terms of transformed
variables through singular value decomposition, some
changes of variables, and Schur complements. Since
the proposed controller design algorithm is an LMI
form in terms of all variables, the solutions can be
obtained simultaneously.

The following notations will be used in this paper.
)", ()%, deg("), det(-) and rank(-) denote the transpose,
inverse, degree, determinant, and rank of a matrix.
And |, I, X(t), and R" denote an identity matrix with
proper dimensions, an identity matrix with rxr
dimension, rx1 dimensional vector, and rxl1
dimensional real vector, respectively. * represents the
transposed elements in the symmetric positions.

2. PROBLEM FORMULATION

Consider an uncertain singular system with time
delay

EX(t) =[A+ AAD)IX(L) +[Ag + AAy (D]x(t—d)
+ Bju(t) + Byw(t),

z(t) = Cx(1),

X(t) =0(t <0),

(1)

where X(t)eR" is the state variable, Z(t)eRI is
the controlled output variable, u(t)eR™ is the

control input variable, w(t)e RP is the disturbance

input variable, E is a singular matrix with
rank(E)=r <n, time delay d is the positive real

number, and all matrices have proper dimensions. The
parameter uncertainties are defined as follows:

AA(t)=DR((t)H, AA;(t)=DyF, (HHy, (2)
are known matrices and

where D, Dy, H, Hy

unknown matrices, F;(t), =12, are satisfied with

ROTRMOLI 3)

Although one finds the controller

u(t) = Kx(t), 4
the actual controller implemented is assumed as

u(t) =[I +ad)]Kx(1), (%)

where K is the nominal controller gain, « is the
positive constant, the term oa®(t)K represents

controller gain variations and ®(t) is defined as
Ot) dt)<I. (6)

Here, the value of « indicates the measure of non-
fragility against controller gain variations. Now, the
closed loop system from the descriptor system (1) and
the controller (5) is given by

EX(t) =[A+ AA®M) + B, (I + a® (1)K ]X(t)

+[Ag +AAg (OIX(t—d) + Byw(t), (7)
z(t) = Cx(t).

Also, we introduce Ho performance measure

[, 20" 20 7w wioyet. ®)

The objective of the controller is described as follows:

(i) The closed loop system (7) is asymptotically
stable.

(i1) The closed loop system guarantees, under zero
initial condition, He norm bound of (7) for all
non-zero W(t) € L,[0,00).

Here, we introduce some properties of singular

systems with time delay.

Definition 1[11]: For any given two matrices

EcR™™ A"eC™ the pencil (E,A") is called
regular if there exists a constant scalar & € C such
that |aE + A" |#0 or the polynomial |SE— A" |=0.

Here, A" =A+ Ade‘de.

Lemma 1[11]: (E,A+ Aje ") is regular if and
only if two nonsingular matrices Q*, P* may be
chosen such that

E=Q"EP” =diag(l,,N) )
and

A=Q"EP" =diag(A", 1y, ), (10)

where A=A+ A ™ n4n,=n A*eC™M

and N e R™*™ is nilpotent.
Remark 1[11]: The following statements are
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equivalent:

(a) EX(t)= Ax(t)+ Ayx(t—d) is impulse free,
(b) rank(E) = deg(det(SE — A")),

(¢) N in Lemma 1 is a null matrix,

(d) (sE-A""! isproper.

3. MAIN RESULTS

The sufficient condition in terms of LMI form and
robust and non-fragile Heo controller design method
are considered in this section. In the following, we
present a sufficient condition for the existence of non-
fragile Hoo controller.

Theorem 1: Consider a closed loop uncertain
descriptor system with time delay (7). If there exists
invertible symmetric matrix P, feedback gain K, and
positive scalars «, &, &, and & satisfying

ETP=PTE>0, (11)

I PT A, PTB,

* —|+inTHd 0 [<0 (12)
&

* * _}/Zl

then the controller (4) is a robust and non-fragile He
controller guaranteeing not only asymptotic stability
in the presence of time delay, parameter uncertainties,
disturbance input and controller gain variations but
also He norm bound of the closed loop descriptor
systems. Here, I1is defined as follows:

N=A"P+PTA+C'C+I1+P"BK+K'B'P

+51PTDDTP+LHTH +&,P DyDy' P
4

+aePTBBP+ZLKTK.
&

Proof: For asymptotic stability of the closed loop
uncertain descriptor system with time delay (7), if we
take a Lyapunov functional

V(x(t) = x(t)" ETPx(t) + jtt_d x(®)" xdt  (13)
with ETP=PE >0, then the time derivative of (13)
is given by

V(x(t)) = x(t)T ETPx(t) + x(t)" PTEX(t)

(14)
+ ()" x(®) = xt—d)" x(t —d).

The matrix inequality (12) from the Lyapunov
functional (13) and He performance measure (8)

implies
2(t)" z(t) — > w(t)T w(t) +V (x(t)) <O0. (15)
Therefore, using the following lemma
2x(t)" PT DR, (t)Hx(t)

<gx(t)' PTDD' Px(t) + 1 x(t)T HT Hx(t),
4

2x(t)" PTDyF, (H)Hgx(t—d)

<ex(t) PTDyDy" Px(t)+gix(t —d)T Hy"Hyx(t—d),
2

2ax(t)” PBO(t)Kx(t)

< aex(t)’ PBB,T Px(t) + £ x(t)" KTKx(t),
&

the inequality (15) is equal to

T T
xty T|U F; Ad B v
x(t—d)| | * —l+—Hy"Hy 0 [ xt—d)|<o0.
£
w(t) ) w(t)
* -y |
(16)
Hence, the inequality (16) implies the sufficient
condition (12). [

However, it is not easy to solve Theorem 1, because
the sufficient condition of (12) is not an LMI form and
the equality condition is included in (11). In order to
make a perfect LMI condition in terms of finding all
variables and eliminate equality condition, the
obtained sufficient conditions are changed in the
following Theorem 2 by proper manipulations.
Moreover, the robust and non-fragile He controller
design method for uncertain descriptor systems with
time delay is presented.

Theorem 2: If there exists positive definite matrix
Q, an invertible symmetric matrix Q4, matrices Qs,

Y, Y,, and positive scalar S, f,, p satistying

T, I, Ay Ay, By QC" + QsG]
* T3 Ay, Ay, By QC,'
x o« - 0 0 0
* * * -1 0 0
* * * *  —pl 0
® % * * * —1
* % * * * *

* * * * * *
* % * * * *
* * * * * *
* % * * * *




Robust and Non-fragile H. Control for Descriptor Systems with Parameter Uncertainties and Time Delay 11

Q Q' QH+QH, v 0
0 Q4 Q4H,' Y,! 0
0 0 0 0 Hg'
0 0 0 0 Hg,'
0 0 0 0 0
0 0 0 0 0 <0
-1 0 0 0 0
- 0 0 0
% —g 0 0
% * * -5l 0
* * * % —& |
(17)
then the matrix expressed by
K=[Y1P1 +Y,R Y2P4] (18)

is a controller gain in robust and non-fragile H,,

controller satisfying asymptotic stability, regular,

impulse-free, and H_ norm bound in the presence of
controller gain variations, time delay and disturbance

input. Here, A, A, Adl, Adz, Ad3, Ad4, Bi1,
Bl2’ B21’ 822’ Cla C27 Dla Dza Dd1 5 Ddza
Hy, Ha, Hg, and Hg , are decomposed matrices

with proper dimensions from the uncertain descriptor
system matrices. And some notations are defined as
follows:

I =AQ +Q1A1T +By1Y) +Y1T BuT +51D1D1T
+Dqg Dy, + /BB,

T =Q AT +B Y, +Y,' By’ +4DD,'
+&,Dy, Dd2T +BiBBy,

T3 =AQ + QAT +BY, +Y, B, +D,D,

v 19
+6Dq,D4," +61B12Byy
P =-PQsR,
By = ae;,
&
B ==,
o
p=7.

Proof: Using Schur complements [12] and some
changes of variables, the matrix inequality (12) is
transformed into

[y Ay B, QT cT QT QT HT T 0 |
x -1 0 0 0 0 0 Hy'
* % —pl 0 0 0 0 0
* ok * -1 0 0 0 0
* * * * —I 0 0 0
* % * * * —gll 0 0
* % * * * % -1 0
* * * * * * * —gzl
(20)

where W is defined

Y=Q A" + AQ+BY +YTB,” +£DD'
+&,DyDy" + BB, .

To obtain an LMI sufficient condition in terms of
finding all variables and eliminate the equality in (11),
we make use of singular value decomposition and
changes of variables. Without loss of generality, we
assume that the uncertain descriptor system matrices
of (1) have the following singular decomposition form

[1].

Pr 0} {Al 0} {Adl Aﬂ
E = , A= ) Ad= )
0 0 0 A Ay, A,

c G

oy

|
1
o @
S
[

w

&

|
1
Iy
[\ g
[

(@)

Il

(e2y)

where all matrices have appropriate dimensions. Also,
if we set

P{Pl 0} (22)
P P,

in order to satisfy (11) and other solutions have the
following structure

Y :[Y1 Yz],
a0 Q0 (23)
—pl= ,
=Pl o

then (20) is changed to (17) by applying (21)-(23) to
(20). Therefore, (17) is an LMI form in terms of all
variables, Q;, Qz;, Qi, Y, Yo, &, &, B
B, and p.

Remark 2: In the case of E =1, the problem can

<0,
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be solved directly from an LMI condition in (20).
Therefore, the proposed design algorithm can be
solved in non-descriptor systems with an LMI
condition. Thus, the result is the general design
method.

Remark 3: (17) is an LMI form in terms of all
variables, Q;, Q;, Q4, Y, Y2, &, &, B,
B>, and p. Therefore, robust and non-fragile He

state feedback controller can be calculated directly
using the LMI Toolbox [12]. Also, the measure of
non-fragility in controller can be calculated by

a=+p/B, and the value of disturbance attenua-

tion can be obtained by y = \/;
Remark 4: In order to get a minimum value of y
or maximum value of «, the LMI feasibility

problem in Theorem 2 can be reformulated. To obtain
the minimum value of y, the optimization problem

1S rewritten as

Maximize p subjectto LMI (19).

In the case of maximum value of , the optimization
problem is modified by

Maximize f; subjectto LMI (19).
Minimize f, subjectto LMI (19).

However, it is difficult to obtain the value of
minimum value of y and maximum value of « at

the same time. Therefore, one of the future researches
is to develop synthesis algorithms that take into
account certain structured uncertainties in the
controllers and search for the best solution that
guarantees a compromise between optimality » and
fragility «o.

Example: To demonstrate the proposed controller
design algorithm, a descriptor system with parameter
uncertainties and time delay is considered as follows:

100 210] [1
0 10[x®=4110][+1 Fl(t)[o.l 0.10.1} X(t)
000 001 |1

0.5 04 05] [0.1
+4003 06 04]+|0.1 Fz(t)[o.l 0.1 0.1} x(t—d)
05 03 04| |0.1

1 0.1
+| 1 |u(t)+] 0.1 |w(t),
1 0.1

2(t) = [1 1 1} X(t). (24)

All solutions can be calculated at the same time from
the LMI Toolbox [12] because the proposed
optimization problem of Theorem 2 is an LMI form in
terms of finding all variables. The solutions satisfying
Theorem 2 are as follows:

1.7611 -0.6518 0
Q=|-0.6518 0.3344 0o |
0.3367 1.4549 0.6805

Y=[—9.7125 ~13.7311 —12.2399}

B, =5.2725,
B, =28.6563, (25)
& =8.0468,

&, =16.5810,

p=16.5237.

Therefore, He norm bound and the measure of non-
fragility are obtained from the changes of variables
(19) as follows:

o= ﬂl/ﬂz = 05584,

(26)
7 =+[p =4.0649.

Here, the meaning of « implies that the obtained
robust and non-fragile He controller guarantees
asymptotic stability and He norm bound of the
closed loop systems in spite of controller gain
variations within 55.84%. Hence, the robust and He
control law by (18) is

u(t)=[41.9440 118.9359 —17.9855}x(t).(27)

For computer simulations, if we take F(t)=
F,(t)=sint, ®(t)=cost, d=5
w(t) as defined in Fig. 1, then the trajectories of

and the value of

8] 5I 1ID 15
Time(sec)

Fig. 1. Disturbance input w(t).
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z(t)

5 1 1
0 5 10 15

Time(sec)

Fig. 2. Controlled output z(t).

u(t)

. |

[=]
T

u] 5I . WID 158
Time(sec)

Fig. 3. Control input u(t).

X](t)

o :’; 1ID 15
Time(sec)

Fig. 4. State x,(t).

control input, controlled output, and states are shown
in Figs. 2~6. From the simulation results of Figs. 4~6,
the obtained controller stabilizes the descriptor system
with parameter uncertainties, time delay, and
controller gain variations because the values of states
converge to zero as time goes to infinity. Also, He
norm bound (¥ < 4.0649 ) can be checked from the L,

induced norm property between w(t) of Fig. 1 and

Xa(t)

D_
DSF |

o 5I WIEI 148
Time(sec)

Fig. 5. State %, (1).

x3(t)

5 1 I
0 5 10 15

Time(sec)

Fig. 6. State x5 (1).

z(t) of Fig. 2. Thus, the obtained robust and non-

fragile Heo controller guarantees not only asymptotic
stability but also He norm bound of the closed loop
system.

4. CONCLUSIONS

In this paper, we considered the robust and non-
fragile He controller design method for descriptor
systems with parameter uncertainties and time delay,
and static feedback controller with multiplicative
uncertainty. The condition for the existence of
controller and the controller design algorithm were
proposed via LMI approach. The proposed robust and
non-fragile He state feedback controller guaranteed
asymptotic stability but also He norm bound in spite
of time delay, parameter uncertainties and controller
gain variations. Moreover, the measure of non-
fragility was presented.
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