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Partial Pole Assignment via Constant Gain Feedback in
Two Classes of Frequency-domain Models

Guo-Sheng Wang, Guo-Zhen Yang, and Guang-Ren Duan

Abstract: The design problem of partial pole assignment (PPA) in two classes of frequency-
domain MIMO models by constant gain feedback is investigated in this paper. Its aim is to design
a constant gain feedback which changes only a subset of the open-loop eigenvalues, while the
rest of them are kept unchanged in the closed-loop system. A near general parametric expression
for the feedback gain matrix in term of a set of design parameter vectors and the set of the
closed-loop poles, and a simple parametric approach for solving the proposed problem are
presented. The set of poles do not need to be previously prescribed, and can be set undetermined
and treated together with the set of parametric vectors as degrees of design freedom provided by
the approach. An illustrative example shows that the proposed parametric method is simple and

effective.
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1. INTRODUCTION

It is well known that the systems’ transient
responses are determined mainly by the locations of
the systems’ eigenvalues. As an important design
method associated with eigenvalues and eigenvectors
in control theory, pole assignment and eigenstructure
assignment are very attractive and important problems
in control system designs and has been extensively
studied by many authors (see, for instance, [1-13]).
One type of approach for eigenstructure assignment is
the parametric approach, which parameterizes all the
solutions to the problem, such as [6-8]. This method
presents complete, explicit and parametric expressions
of all the feedback gain matrices and the closed-loop
eigenvector matrices. Moreover, this method offers all
the design degrees of freedom, which can be further
utilized to satisfy some additional performances, such
as robustness [9-13].

In some situations, it is desirable to change only a
subset of the open-loop eigenvalues, while the rest of
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them are remained the same in the closed-loop system.
This idea is called partial pole assignment (PPA), and
also has been investigated by a few researchers [14-
17] in time-domain models via constant gain feedback,
e.g., the constant state gain feedback. However, for
PPA in MIMO frequency-domain models, there have
been few results.

In this paper the design problem of PPA in two
classes of frequency-domain MIMO models by
constant gain feedback is investigated, which is
suspired by the time-domain parametric partial
eigenstructure assignment results in [18]. A very
simple parametric approach for solving the problem is
proposed and a near general parametric expressions
for the gain matrix is presented in term of a set of
design parameter vectors and the set of closed-loop
poles. Therefore, the set of poles do not need to be
previously prescribed, and can be set undetermined
and treated together with the set of parametric vectors
as degrees of design freedom provided by the
approach. In addition, utilizing the proposed method
can eliminate the computations.

This paper is organized as follows. The next section
gives the description of partial pole assignment via
constant gain feedback in a class of frequency-domain
models. Section 3 proposes the parametric result of
partial pole assignment via constant gain feedback in
frequency-domain. The partial pole assignment via
constant gain feedback in another class of frequency-
domain models, which is dual with the models in
Section 2, is considered, and a simple and effective
algorithm is developed in Section 4. Section 5
presents an illustrative example to show the simplicity
and effectiveness of the proposed algorithm.
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Concluding remarks are drawn in Section 6.

For convenience, in the sequential sections, we use
R™"[s] to denote the set of all mxn polynomial
matrices with real coefficient matrices, det(4) the
determinant of matrix 4, deg(P(s)) the degree of
polynomial P(s), and root(P(s)) the set of roots of

polynomial P(s).
2. PROBLEM FORMULATION

Consider the following plant
G, (s)=N(s)D™ (s), (M

with N(s)e R™[s] and D(s)e R™'[s] satisfies
the following assumptions:

Assumption Al: N(s) and D(s) are right coprime
polynomial matrices;

Assumption A2: degdet(D(s)) = n.

It is clear to see that the poles of system (1) can be

given by the roots of the following characteristic
polynomial

Ap (s)=det(D(s)). )

Due to Assumption A2, system (1) obviously
possesses 7 poles.

When a constant gain feedback is applied to system
(1), the closed-loop characteristic polynomial is easily
obtained as

G (s) = G () —KG, ().
=NED (I -KNSD ()11 (3)
= N(s)[D(s)— KN(s)]"".

Therefore, the closed-loop characteristic poly-
nomial is easily obtained as

A7 (s)=det(D(s) — KN(s)). 4)

Partition all the poles of the open-loop system (1)
as follows

r=ro|Jry, )
with

[0={s}, i=nm +1,n+2,,n}, (6a)
and

I={s;,i=12,---,n}, (6b)

where T'Y is formed by the poles of the open-loop
system (1) which are satisfactory and to be remained
the same in the closed-loop system (3), while I", is

formed by those unsatisfactory poles of the open-loop
system (1) which are to be replaced in the closed-loop
system (4).

Recalling the fact that non-defective eigenvalues
are less insensitive with respect to parameter
perturbations, in this paper we only consider the case
that the assigned closed-loop poles are distinct and
self-conjugate. With the above preparations, we can
now state the problem of partial pole assignment in
system (3) by constant gain feedback as follows.

Problem PPA (Partial Pole Assignment): Given
system (1) satisfying Assumptions Al and A2, and a

group of distinct and self-conjugate complex scalars
s{,i=1,2,---,n;. Further, let the set of poles of the
open-loop system (1) be given as in (5), (6), with
s{, i=nm +1Ln +2,---,n being distinct and self-
conjugate. Then determine all the admissible constant

gain feedback matrices K e R™" such that equation
(3) holds, that is, the following relation holds

root[det(D(s) — KN(s))] =T U re, (7)
with T given by (6a) and

T ={sC, i=1,2,m}. (8)

r

3. SOLUTION TO PROBLEM PPA

Regarding solution to Problem PPA, we have the
following result.

Theorem 1: Given system (1) satisfying Assump-
tions Al and A2, and a group of distinct and self-
Further,
let the set of poles of the open-loop system (1) be
i=m+Ln+2,---,n
being distinct and self-conjugate. Then all the

solutions to Problem PPA can be parameterized as
follows:

c

conjugate complex scalars s; ,

i=1,2,n.

o
i

given as in (5), (6), with s

K=[w o ver, ©)
where

W=IDG)fi D(s5)fa - D(sg)fyl (10)

V=INGOSi NS o Nesg)fl (D)

and
VO =INGG ) fo NG2)fopsa -+ NG (12)

where f;eC",i=1,2,---,n, are a set of parametric
vectors satisfying the following constraints:

Constraint Cl: f;=f; if si=sj or s/ =s7,

l"j:172’.‘.7n;
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Constraint C2: det([V’ V°])#0.

Proof: It follows from (4) that condition (7) is
equivalent to

det(D(s;) = KN(s;))=0, i=1,2,--,my, (13)
and
det(D(s?)— KN(s?))=0, i =n +1,n +2,---,n (14)

while (13) and (14) are equivalent to the existence of a
set of parameter vectors f; e C’, i=12,---,n, such
that the following equations hold:

(D(s{) = KN(s{)f; =0, i=12,,m, (15)
and
(D(s?)—=KN(s?))f; =0, i=n +1,n+2,--,n.(16)

However, (15) and (16) are equivalent with the
following ones:

D(s{)f; =KN(s{ ), i=12,+,ny, (17)
and

D(s))f; = KN(s7 Vi i=m+Ln+2,.n. (18)

Because I ={s?, i=n +1,m +2,---,n} is the set
of partial poles of the open-loop system (1), there hold

det(D(s{))=0, i=n+1,n+2,,n (19)

For parameter vectors f;e C', i=n +1L,n +2,---,n,
thus there hold

D(s{)f; =0, i=ny +1,n +2,---,n. (20)
Then from (18), there hold
D(s?)f; =KN(s{)f; =0, i =ny +1,m +2,---,n.(21)

The matrices W, V and V° are defined as in
(10)-(12). Regarding the existence of the real gain

matrix K, the parameter vectors f;eC', i=1,

2,---,n, must satisfy Constraints C1 and C2. 0
From the parametric result of partial pole
assignment via constant gain feedback proposed in
Theorem 1, the advantages of this parametric method
can be given as follows:
Remark 1: This parametric method (9) gives all the
solutions to of the constant gain K in Problem PPA;

Remark 2: These parametric vectors f;€ C", i=

2,---,n, satisfying Constraints C1 and C2, offer all

the design degrees of freedom, and can be utilized to
achieve some additional specifications, such as

robustness.

Remark 3: If the assigned partial closed-loop
eigenvalues are undetermined, they can be viewed as
another part of design degrees of freedom in control
system designs.

4. THE DUAL PROBLEM

Let the plant be given as
G(s) =L (s)H(s), (22)

with L(s)e R"™[s] and H(s)e R™"[s] satisfies
the following assumptions:

Assumption A3: L(s) and H(s) are left coprime
polynomial matrices;

Assumption A4: degdet(L(s)) = n.

When a constant gain feedback is applied to system
(22), the closed-loop system can be given by

Gf (s) =[I - G()KT "Gy (s)
=[[-L Y () H®K] 'L (s)HEs)  (23)
=[L(s)— H(s)K] 'H(s).

It is clear to see that the characteristic polynomial of
the closed-loop system (23) is easily obtained as
Af =det(L(s)— H(s)K). (24)
Similarly, partition all the poles of the open-loop
system (22) as follows:

r,=r7Jry. (25)
with

7 ={s?, i=n +Ln +2,---,n}, (26)
and

I7={s;,i=12,---,m3}, (27)

where T} is formed by the poles of the open-loop
system (22) which are satisfactory and to be remained

the same in the closed-loop system (23), while T'™ 1is
formed by those unsatisfactory poles of the open-loop
system (22) which are to be replaced in the closed-
loop system (23).

By applying Theorem 1 to the dual system

Gl (s)=H"(s)L (s)7", (28)

we can obtain the following result about partial pole
assignment in the open-loop system (22) by constant
gain feedback. Recalling the fact that non-defective
eigenvalues are less insensitive with respect to
parameter perturbations, in this part we also consider
the case that the assigned closed-loop poles are
distinct and self-conjugate.
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Theorem 2: Let system (22) satisfy Assumptions
A3 and A4, and a group of complex scalars s;,
i=1,2,---,n be distinct and self-conjugate. Further,
let the set of poles of the open-loop system (22) be
given as in (25)-(27), with s?, i=n +1, n +2,---,n

1
also being distinct and self-conjugate. Then all the
admissible constant gain feedback matrices Ke

R™", such that equation (23) holds, that is, the
following relation holds:

root[det(L(s) — H(s)K)]=T7| I, (29)
with T} given by (26) and
1

F?Z{S?a i=172a"'7n1} (30)

can be parameterized as follows:

K= T “ 31
- TO |:0:|a ( )

with

I ngL(Sl) |
T

£ L:(Sz) ’ (32)

|8 L)

el L(sy) |

T
g L:(Sz) ’ (33)

T
| & L(sy) |
and
- _
gn1+1L(Sn1 +1)

T
T° = gn1+2L.(Sn1+2) , (34)

gy L(s,)

where g;€ R™, i=1,2,---,n, are a set of parameter
vectors satisfying the following constraints:

o
j7

c

o _
G oor s =s

Constraint C3: g; =g_j if sf=s
i;jzlvzv'“on;

T
Constraint C4: detﬂ D #0.
TO

5. AN ILLUSTRATIVE EXAMPLE

Consider the following transfer function

1
s2(s+l) s
G)=| ——
s(s+1) s
oy

| s+l ]

It is clear to see that =3 and r=2. By applying
some method for right coprime factorization, we
obtain

1 0
0 s+l
N(s)=|s 0 ,D(s)={ ) }
0 1 s -1

We can easily obtain that the poles of the open-loop
systemare 0, 0 and —1. We assume that s3 =—1

is a satisfactory pole, which is remained the same in
the closed-loop system. In addition, we assume that

s{ and s5 are the poles to be assigned in the closed-

loop system.
It can be easily verified that Assumption Al and A2
are satisfied. Set

! | % |9
fl_{bl} fz_{bz} ﬁ_{bj’

where g;,b, € C,

i=1, 2, 3. Then according to
Theorem 1, for distinct and self-conjugate complex
numbers s{, s5 and s3, all the constant gains K
which the closed-loop poles to s{, s5 and s can

be given by
K=w o ver,

where
| GEHDB 5+
a(s))? b ay(s5)* —by
4 a4 as
V=|sta, ssay |, V°=|-ay|.
b b by

Specifically, when sf, =-2+2i, and
Cllzgz_l’, b1=g=—2+i, 0323, b3=2,
we have
—i i
V=2+2i 2-2i],
2+i -2-i
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) 3
W =5 5i Cpoo| 3,
—-6—1 —-6+i
2
and

0] |—0.625 -1.875 -1.875
K=[w o]y V'] = )
-2.75 =225 0.75

6. CONCLUSION

The design problem of partial pole assignment in
two classes of frequency-domain MIMO models by
constant gain feedback is investigated. Based on a
simple and near general parametric expression for the
gain matrix, a very simple parametric approach for
solving the problem in term of a set of design
parameter vectors and the set of closed-loop poles.
Therefore, the set of poles do not need to be
previously prescribed, and can be set undetermined
and treated together with the set of parametric vectors
as degrees of design freedom provided by the
approach. In addition, utilizing the proposed method
can eliminate the computations. The proposed
parametric method is utilized to a numerical example,
and the results show that the proposed method is
simple and effective.
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