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Abstract: The paper deals with the Kalman stochastic filtering problem for linear continuous-
time systems with both instantaneous and time-delayed measurements. Different from the 
standard linear system, the system state is corrupted by multiplicative white noise, and the 
instantaneous measurement and the delayed measurement are also corrupted by multiplicative 
white noise. A new approach to the problem is presented by using projection formulation and re-
organized innovation analysis. More importantly, the proposed approach in the paper can be 
applied to solve many complicated problems such as stochastic H∞ estimation, H∞ control 
stochastic system with preview and so on. 
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1. INTRODUCTION 
 
In recent years, stochastic filtering has become a 

popular research topic, and it has been extensively 
developed [6,8,14,20,21]. The stochastic filtering 
problem as well as the stochastic control problem 
have wide application in areas such as nuclear fission 
and heat transfer, population models and immunology, 
see [2,5] and references therein. There are mainly two 
performances under which the filtering problem has 
been considered, one is the H2 index, [10,12,13,16], 
and the other one is H∞ performance, see [6,8, 
9,14,15]. The H2 filtering which is also termed as 
Kalman filtering is to address the minimization of the 
filtering error covariance. The so-called H∞ 
stochastic filtering is to design an estimator to 
estimate the unknown state combination via output 
measurement, which guarantees the L2 gain (from the 
external disturbance to the estimation error) to be less 
than a prescribed level γ > 0. 

[13] presented a robust recursive Kalman filtering 
algorithm that addresses estimation problems arising 
in linear time-varying systems with stochastic 

parametric uncertainties. In [8], the discrete-time H∞ 
stochastic filtering is considered and a filter of 
Luenberger-type structure is given. A modified-
Riccati recursion which guarantees a given H∞ 
filtering level to minimize an upper-bound on the 
covariance of the estimation error is presented. 
However, dimension of the resulting modified Riccati 
equation is larger than the origin system. In [15], the 
stationary discrete-time linear stochastic filtering is 
considered, where the stochastic uncertainty appears 
in the dynamic, input and measurement matrices. A 
filter which is based on the stochastic bounded real 
lemma (BRL) of [9] is given in terms of LMIs. 
However, the condition is only sufficient. In [14], 
continuous-time stochastic linear plants which are 
controlled by dynamic output feedback and subjected 
to both deterministic and stochastic perturbations are 
considered. A bounded real lemma is given and the 
necessary and sufficient conditions for the existence 
of a stabilizing compensator were obtained. Based on 
the BRL proposed in [14], [4] gives the continuous-
time H∞ stochastic filter, and the sufficient and 
necessary condition for the existence of the solutions 
in terms of LMIs is presented. 

The above mentioned works are normal systems 
without delay. For the case of time-delay, retarded 
type linear systems robust L2 filtering problem was 
considered in [19], where delay-independent 
conditions were derived in the form of LMIs. A more 
general neutral type of systems and a less conservative 
delay-dependent filter is given in [11]. Robust H∞ 
filtering of uncertain systems with state delays has 
been considered in [17,18], only sufficient conditions 
have been derived. For the above mentioned works, 
the systems aren’t corrupted by multiple white noise 
and delayless measurement can be used. 
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In this paper, we consider the finite horizon robust 
Kalman stochastic filtering problem for linear time-
varying continuous-time system with delayed 
measurement, assuming that the system state is 
corrupted by white noise, and the measurement 
including the delayed measurement are also corrupted 
by white noise. Different from the works for the 
robust stochastic filter [13], delayed measurement is 
introduced in this paper. By using re-organized 
innovation analysis based on the knowledge of Krein 
space [1,21-24], a new approach to the Kalman 
stochastic filtering is proposed. With the proposed 
new approach, the stochastic filter for time delayed 
system is obtained. The solution is given in terms of 
Riccati equation which has the same dimension as the 
origin system. 

The rest of the paper is organized as follows. The 
system under consideration and the problem statement 
are given in Section 2. Main results concluding the 
Riccati equation and the optimal stochastic filter are 
presented in Section 3. Some concluding remarks are 
made in Section 4 as sensor fusion [7] and network 
systems. The key is the re-organization of the 
measurements and innovation. 

 
2. PROBLEM STATEMENT 

 
Consider the following stochastic differential 

systems 

x( ) ( ) x( ) ( ) x( ) w( ) u( ),t A t t B t t t t= + +  (1) 

0 0 0 0( ) ( ) x( ) ( ) x( ) w( ) v ( ),y t C t t D t t t t= + +  (2) 

1 1 1 1( ) ( ) x( ) ( ) x( ) w( ) v ( ),y t C t t D t t t t= + +  (3) 

where , ,lt t l t T= − ≤  with T is the horizon, x(t) 

∈Rn is the state, 0
0 ( ) Py t R∈  is measurement, and 

1
1( ) py t R∈  is time-delayed measurements. u( ) nt R∈  

is input sequence, w(t)∈R1 v ( ) IP
i t R∈  are white 

noises of zero means. ( ) , ( ) ,n n n nA t R B t R× ×∈ ∈  

( ) ip n
iC t R ×∈  and ( ) ip n

iD t R ×∈  are known time-
varying matrices. 0 0x( ) xtt = =  and ( ), ( )u t u s =  

, , ,( ) v ( ), v ( ) ( ) ,t s i j i i j t sQ t t t R tδ δ δ= w( ), w( )t s M=

,( ) t st δ  and 0 0 0x , x .=∏  
The stochastic filtering problem considered in the 

paper for the system model (1)-(3) can be stated as 
Problem P: Given the observation { 0 0( ) ,ty ττ ≤ ≤  

}1( ) ,l ty t τ≤ ≤  find the optimal estimation of x(t), 

denoted x̂( ),t t  such that 

{ }ˆ ˆmin x( ) x( ) x( ) x( ) ,t t t t t tε ′
 −   −       (4) 

where ε denotes the mathematical expectation. 
Remark 1: The stochastic Kalman filtering 

problem for discrete-time system has been considered 
in [13], where delayless measurement is available. 
However, in practice, it is inevitable that delay exists 
in system, then we give the system model (1)-(3). 
Such problem has important applications in many 
engineering problems such as sensor fusion [7] and 
network systems. The key is the re-organization of the 
measurements and innovation. 

Let y(t) denote the observation of the system (4) at 
time t and v(t) is the related observation noise at time 
then we have 

0

0

1

( ), 0
( ) ( )

, ,
( )

y t t l
y t y t

t l
y t

≤ ≤
=   ≥ 
 

   (5) 

0

0

1

( ), 0
( ) ( )

, .
( )

v t t l
v t v t

t l
v t

≤ ≤
=   ≥ 
 

   (6) 

Remark 2: For ,t l<  the measurement is mainly 
from one channel 0 ( ),y t  and when ,t l≥  the 
measurement is two channel 0 ( )y t  and 1( ).y t  

Remark 3: In our paper, the main idea is to 
reorganize the delayed measurements (that is 0 ( ),y t  

1( ))y t  into delay-free measurements from different 
systems (y(t)), thus (5) and (6) can be easily 
introduced. In this way, the system with delayed 
measurement has been changed into a system with 
two different measurements without delay. 

For the convenience of discussion, we will consider 
the case of ,t l≥  the case of t l<  can be studied in 
the same way. 

 
3. MAIN RESULTS 

 
In this section, we will introduce the re-organized 

innovation in terms of which, the new stochastic filter 
will be given [22]. 

 
3.1. Re-organized measurements 

As is well known, given the measurement sequence 
{ }0( ) ,s ty s ≤ ≤  the optimal state filter x̂( )t t  is the 
projection of x(t) onto the linear space spanned by the 
measurement sequence, denoted by { }0( ) s ty s ≤ ≤L  
[3]. In the following part, we shall re-organize the 
measurement sequence and give a new observation 
sequence which is delayless. 

Lemma 1: The linear space of { }0( ) s ty s ≤ ≤L is 
equivalent to 
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{ }2 0 1( ) ; ( ) ,
ls t t s ts s≤ ≤ ≤ ≤L Y Y   (7) 

where 

0
2

1

1 0

y ( )
( ) ,

y ( )
( ) y ( )

s
s

s l
s s

 
=  + 
=

Y

Y

   (8) 

satisfies that 

1 1 1 1( ) ( ) x( ) ( ) x( ) w( ) ( ),s s s s s s s= + +Y C D V  (9) 

 2 2 2 2( ) ( ) x( ) ( ) ( ) ( ) ( )s s s s x s w s s= + +Y C D V  (10) 

with 

 

0 0
2 2

1 1

0
2 1 0

1

1 0 1 0

( ) ( ) w( )
( ) , ( ) ,

( ) ( ) w( )

v ( )
( ) , ( ) ( ),

v ( )
( ) ( ), ( ) v ( ).

C s D s s
s s

C s l D s s l

s
s s C s

s l
s D s s s

   
= =   + +   
 

= = + 
= =

C D

V C

D V

 (11) 

Moreover, ( )i sV is a white noise of zero means and 
covariance matrices 

 
{ }2

1

0 1

0

( ) ( ), ( ) ,

( ) ( ).

Q s diag R s R s l

Q s R s

= +

=
V

V

  (12) 

Proof: It is straightforward by re-organizing the 
delayed observations. 

Remark 4: In the above lemma, by re-organizing 
all the measurements, the system with l-delay 
measurements has been changed into a normal system 
with measurement of (9) which does not involve 
delays. 

 
3.2. Re-organized innovation sequence 

Before presenting the re-organized innovation, we 
will give the following definitions first. 

Definition 1: Given time instant t, the estimator 
ˆ( ,1)sξ for s>tl is the optimal estimation of ( )sξ  

given the observation 

 2 0 1{ ( ) ; ( ) }.
l lt t sτ ττ τ≤ ≤ ≤ ≤L Y Y   (13) 

For s = tl, ˆ( ,1)sξ  is the optimal estimation of ( )sξ  
given the observation 

 2 0{ ( ) }.
ltττ ≤ ≤L Y    (14) 

Definition 2: Given time instant t, the estimator 
ˆ( ,2)sξ  for s< tl, ˆ( ,2)sξ  is the optimal estimation of 
( )sξ  given the observation 

 2 0{ ( ) }.sττ ≤ ≤L Y    (15) 

Remark 5: ξ  in ˆ( , ) ( 1,2)s i iξ =  in the above 
two definitions may be x or 1 2, .Y Y  

Definition 3: For i= 2 and any 0s ≥  

 2 2 2̂( ) ( ) ( ,2),s s s−W Y Y    (16) 

and for i=1 and any s>0 

 1 1 1̂( ) ( ) ( ,1),l l lt s t s t s+ + − +W Y Y   (17) 

where ˆ( , )i s iY  is as defined in Definitions 2 and 3. 
Thus we have the following lemma. 
Lemma 2: The sequence W defined in the above 

is mutually uncorrelated and 

 2 0 1 0{ ( ) ; ( ) ;},s l s ls t s≤ ≤ ≤ ≤+W W   (18) 

spans the same linear space as 0{y( ) }.s ts ≤ ≤L  
Proof: By recalling [22,23] where the case for the 

linear system without multiplicative noise is 
considered, the proof can be established by applying a 
similar argument as in [22,23]. 

Remark 6: It will be seen in the following 
discussions, the re-organized innovation presented in 
the subsection will play an important role in deriving 
the Kalman filer for the system with measurement 
delays. 

From the definition (16)-(17), it is easy to observe 
the relationships as 

 2 2 2 2( ) ( )e( ) ( ) x( ) ( ),s s s s s s= + +W C D V  (19) 

 
2 1 1

1

1

( ) ( )e ( )
( ) x( ) w( )

( ), 0,

l l l

l l l

l

t s t s t s
t s t s t s

t s s

+ = + +

+ + + +

+ + >

W C

D

V

 (20) 

where 
 2 ˆe ( ) x( ) x( ,2),s s s= −    (21) 
 1 ˆe ( ) x( ) x( ,1).l l lt s t s t s+ = + − +   (22) 

As in the standard Kalman filtering formulation, 
2 ( )sP  and 1( )lt s+P  play key role for computing 

the filter for the system with measurement delays, it is 
obvious 

 2 2 2( ) e ( ),e ( ) , 0,s s s s ≥P   (23) 

 1 1 1( ) e ( ),e ( ) ,l l lt s t s t s+ + +P   (24) 

2e ( )s and 1e ( )lt s+  are as in (21) and (22), 
respectively. ( )s∏  is the state covariance matrix and 
is defined as 

 ( ) x( ), x( ) , 0.s s s s ≥∏   (25) 

Then we have the following theorem for computing 
2 ( )sP  and 1( ).lt s+P  
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Theorem 1: The one-step state predictive 
covariance matrices defined in the above are 
calculated by:  

1) 2 ( )sP  is the solution to the following Riccati 
differential equation 

 

2

2
2 2

2 2

2 0

( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( ), (0) ,
w

d s
A s s s A s

ds
B s s B s M s

s Q s s

Q s

′= +

′+

′−

+ =

∏

∏

P
P P

K K

P

 (26) 

 

0

( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ), ( ) ,

d s
A s s s A S

ds
B s s B s M s

Q s s

′= +

′+

+ =

∏ ∏ ∏
∏
∏ ∏

  (27) 

where 

 
[

] 2

2 2 0 0
1

2 1

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )w

s s C S B S s D s

s C s l Q s−

′ ′= +

′+ + ×

∏K P

P
 (28) 

and 

2 0 0 0

1 1 1

( ) { ( ) ( ) ( ) ( ) ( ),

( ) ( ) ( ) ( ) ( )}.
wQ s diag D s s M s D s R s

D s l s M s l D s l R s l

′= +

′+ + + + +

∏
∏

 

(29) 
2) 1( )lt s+P is the solution to the following Riccati 

differential equation 

1

1
1 1

1 1

1 2

( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

( ), ( ) ( ),

l
l l l l

l l l l

l w l l

l l l

d t s
A t s t s t s A t s

ds
B t s t s B t s M t s

t s Q t s t s

Q t s t t

+
′= + + + + +

′+ + + + +

′− + + +

+ + =

∏

P
P P

K K

P P

 

(30) 
( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ),

l
l l l l

l l l l

l

d t s
A t s t s t s A t s

ds
B t s t s B t s M t s

Q t s

+
′= + + + + +

′+ + + + +

+ +

∏ ∏ ∏
∏

(31) 
where 

1

1 1 1

1

1

( ) [ ( ) ( ) ( )

( ) ( ) ( )]

( )

l l l l

l l l

w l

t s t s t s B t s

t s t s M t s

Q t s−

′+ = + + + +

′× + + +

× +

∏
K P C

D   (32) 

with 

1 1 1( ) ( ) ( ) ( ) ( )

( ).
w l l l l l

l

Q t s t s t s M t s t s

Q t s

′+ = + + + +

+ +
∏

V

D D
(33) 

Proof: 1) The proof of (26)-(28): 
By using Lemma 1 state-space model (1)-(3) can be 

approximated as 

 
x( ) x( ) ( ) x( ) u( )

( ) x( ) w( ),

i i A i i i

B i i i

∆ + ∆ − ∆
= ∆ ∆ + ∆

∆
+ ∆ ∆ ∆

 (34) 

 2 2 2 2( ) ( ) x( ) ( ) x( ) ( ),i i i i i i∆ = ∆ ∆ + ∆ ∆ + ∆Y C D V  (35) 

where 

 

0

2
1

0

2
0

0

2
1

( )
( ) ,

( )

( ) w( )
( ) ,

( ) w( )

( )
( ) .

( )

C i
i lC i i

t
D i i

i lD i i i l
t

v i
i lv i i

t

∆ 
 ∆ =
 ∆ + ∆
  

∆ ∆ 
 ∆ =
 ∆ + ∆ ∆ + ∆
  

∆ 
 ∆ =
 ∆ + ∆
  

C

D

V

 (36) 

Equivalently, (34) and (35) can be rewritten as 

 
x( ) [ ( ) ]x( )

[ ( ) x( ) w( ) u( )],
i I A i i

B i i i i
∆ + ∆ = + ∆ ∆ ∆

+ ∆ ∆ ∆ ∆ + ∆
 (37) 

 2 2 2 2( ) ( ) x( ) ( ) x( ) ( )i i i i i i∆ = ∆ ∆ + ∆ ∆ + ∆Y C D V  (38) 

with 

2

,

( )
2 2 ,

,

( )u( ),u( ) ,

( ), ( ) ,

( )w( ), w( ) ,

i j

i
i j

i j

Q ii i

Q
i i

M ii i

δ

δ

δ

∆

∆
∆ ∆ =

∆

∆ ∆ =
∆
∆

∆ ∆ =
∆

V
V V  

and 0 0 0x , x .= ∏  
Applying discrete-time Kalman filtering 

formulation to the above system, it follows that 

 
[ ]

2 2

ˆ ˆx( ,2) ( ) x( ,2)
( ) ( ),

x̂(0,2) 0,
p

i I A i i
i i

∆ + ∆ = + ∆ ∆ ∆

+ ∆ ∆

=

K W   (39) 

where 2 ( )i∆W is the innovation of process 2 ( )i∆Y  
which is given by 

 

2 2 2

2 2

2 2 2

2

ˆ( ) ( ) ( ,2)
ˆ( ) ( ) x( , 2)

( )e ( ) ( ) x( )
( ),

i i i
i i i
i i i i

i

∆ ∆ − ∆
= ∆ − ∆ ∆
= ∆ ∆ + ∆ ∆
+ ∆

W Y Y

Y C

C D

V

 (40) 

where 2̂ ( , 2)i∆Y  and x̂( ,2)i∆  are respectively the 
optimal estimation of 2̂ ( , 2)i∆Y and x( )i∆ given 
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observation 2̂ ( )( 1, 2,...,0)s s i i∆ = − −Y associated with 
u(s), w(s) and 2 ( )s∆V  for 1, 2,...,0,s i i= − −  and 

2 ˆe ( ) x( ) x( ,2).i i i∆ ∆ − ∆  

Define 
 

0 0

1 1

( ) { ( ) ( ) ( ) ( ),

( ) ( ) ( ) ( )}

i diag D i i M i D i

l l lD i i i M i i D i i
t t t

′Ω ∆ = ∆ ∆ ∆ ∆

′∆ + ∆ ∆ ∆ + ∆ ∆ + ∆

∏
∏

 

then from (40), it can be easily seen 

 2

2

2 2 , ,

2 2 2

( ), ( )

( )( )( ) ( ) ( )

( )
,

u w v

w

i i

Q iii i i

R i

∆ ∆

∆ Ω ∆′= ∆ ∆ ∆ + + ∆ ∆ 
∆

=
∆

V

W W

C P C  (41) 

that is 

 2

2

w 2 2 2( ) ( ) ( ) ( )

( ) ( ),

R i i i i

i Q i

′∆ = ∆ ∆ ∆ ∆

+Ω ∆ + ∆V

C P C
  (42) 

where 2 2 2 , ,( ) e ( ),e ( ) u w vi i i∆ ∆ ∆P  

 
2 2w

0,
lim ( ) ( ) ( ) ( ).

i s
R i s Q s Q s

∆→ ∆→
∆ = Ω + V  (43) 

That is 

 
2W 0 0

0 1

1

( ) { ( ) ( ) ( ) ( )

( ), ( ) ( ) ( )

( ) ( )},

Q s diag D s s M s D s

R s D s l s M s l

D s l R s l

′=

+ + +

′× + + +

∏
∏  (44) 

which is (29). 
From (37), (40), and (42), we know 

[ ]

[ ]

2
2

2

2

2

2

1
W

2

1
W

2

1
W

2

1
W

2

1
W

2 2

0

( )
( ) x( ), ( )

( )
( ) x( ) ( )

( )
( ) x( ) w( ), ( )

( )
u( ), ( )

( )
( ) ( ) ( )

( ) ( ) ( )

p
R i

i i i

R i
I A i i i

R i
B i i i i

R i
i i

R i
I A i i i

B i i D i M

−

−

−

−

−

∆ 
∆ = ∆ + ∆ ∆  ∆ 

∆ 
= + ∆ ∆ ∆  ∆ 

∆ 
+ ∆ ∆ ∆ ∆ ∆  ∆ 

∆ 
+ ∆ ∆ ∆  ∆ 

∆ 
′= + ∆ ∆ ∆ ∆  ∆ 

′+ ∆ ∆ ∆

，

K W

W

W

W

P C

[ ] 2
1

W ( )
( ),0 ,

R i
i

−∆ 
∆  ∆ 

∏
(45) 

thus 

 
2

2

2
0

1
2,11 2,12

( )
( ) lim

( ), ( ) ( ),

p

w

i
s

s s Q s
∆→

−

∆

∆
 =  

K
K

K K

 (46) 

where 2,11 2 0 0( ) ( ) ( ) ( ) ( ) ( ) ( )s s C s B s s D s M s′ ′= + ∏K P  and 

2 1

( ) ( ) ( ).s s C s l′= +K P  
Combining (40) with (39) yields 

 
[ ]
[ ]

2

2 2

ˆ ˆx( ,2) ( ) x( ,2) ( )

ˆ( ) ( ) x( ,2) ,
pi I A i i i

i i i

∆ + ∆ = + ∆ ∆ + ∆

× ∆ − ∆ ∆

K

Y C
 (47) 

which can be rewritten as 

 

[ ]2
2 2

x̂( ,2) x( ,2)

ˆ( ) x( ,2)
( )

ˆ( ) ( ) x( ,2)p

i i

A i i
i

i i i

∆ + ∆ − ∆
∆

= ∆ ∆
∆

+ ∆ − ∆ ∆
∆

K
Y C

 (48) 

0, i s∆→ ∆→  yields 

 
[ ]2 2 2

x̂( ,2) ˆ( ) x( ,2)

ˆ( ) ( ) ( ) x( ,2) .

d s A s s
ds

s s s s

=

+ −K Y C

 (49) 

Note that 

 2 2 2 ˆ( ) ( ) ( ) x( ,2).i i i i∆ = ∆ − ∆ ∆W Y C   (50) 

Similarly, we have 

 2 2 2 ˆ( ) ( ) ( ) x( ,2).s s s s= −W Y C   (51) 

We shall compute 2 ( )sP and ( )s∏ as follow. 
Combining (37) with (39) yields 

 

2

2

2

2

ˆe ( ) x( ) x( ,2)
[ ( ) ]e ( )

( ) x( ) w( )
u( ) ( ) ( ).p

i i i
I A i i

B i i i
i i i

∆ + ∆ ∆ + ∆ − ∆ + ∆
= + ∆ ∆ ∆
+ ∆ ∆ ∆ ∆
+ ∆ ∆ − ∆ ∆K W

 (52) 

Then 2 2 2( ) e ( ),e ( )i i i∆ = ∆ ∆P can be given as 

 

2 2 2

2

2 2
2

2 2

( )
( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) / .P w p

i
i i A i

A i i A i i A i

B i i B i M i Q i

i R i i

∆ + ∆
′= ∆ + ∆ ∆ ∆

′+ ∆ ∆ ∆ + ∆ ∆ ∆ ∆

′+ ∆ ∆ ∆ ∆ ∆ + ∆ ∆

′− ∆ ∆ ∆ ∆
∏

P

P P

P P

K K

 (53) 

Thus 

2 2( ) ( )i i∆ + ∆ − ∆
∆

P P  
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2 2 2

2 2

2

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) /p w p

i A i A i i

B i i B i M i Q i

i R i i

′= ∆ ∆ + ∆ ∆

′+ ∆ ∆ ∆ ∆ + ∆

′− ∆ ∆ ∆ ∆

∏
P P

K K

 (54) 

0, i s∆→ ∆→  yields 

 

2

2
2 2

2 2

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ),w

d s A s s s A s
ds

B s s B s M s Q s
s Q s s

′= +

′+ ∏ +
′−

P
P P

K K

 (55) 

which is (26). 
According to (37),we have  

2

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ),

i i i A i A i i

A i i A i Q i
B i i B i M i

′∏ ∆ + ∆ = ∏ ∆ + ∆∏ ∆ ∆ + ∆ ∆ ∏ ∆

′+ ∆ ∏ ∆ ∆ ∆ + ∆ ∆
′+ ∆ ∆ ∏ ∆ ∆ ∆

 

(56) 
then 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ),

i i i A i A i i

B i i B i M i
Q i

∏ ∆ + ∆ −∏ ∆ ′= ∏ ∆ ∆ + ∆ ∏ ∆
∆

′+ ∆ ∏ ∆ ∆ ∆
+ ∆

 

(57) 
which is (27),this the first part is over. 

2) The proof of (30)-(32) 
Similar to the proof of part 1), it can be omitted. 
 

3.3. Stochastic optimal filter 
Now we are in the position to present the main 

result in our paper, the following Kalman filtering 
formulation for the measurement delayed system can 
be easily given from the proof of Theorem 1. 

Theorem 2: Consider the system (1)-(3), optimal 
estimate ( )x̂ t t  is given by 

 ( ) ( )ˆ ˆx x ,1 ,t t t=     (58) 

where ( )x̂ ,1t is as defined in (13), which is computed 
in the following steps: 

Step 1: Calculate ( )x̂ , 2s  for :ls t=  

 2 2 2

x̂( ,2) ˆ( ) x( ,2)

ˆ( )[ ( ) ( ) x( ,2)],
x̂(0,2) 0,

d s A s s
ds

s s s s

=

+ −
=

K Y C  (59) 

where 2 ( )sK  is as in (28). 
Step 2: Compute ( )x̂ ,1lt s+  for 0 s l≤ ≤ with the 

initial value ( )x̂ , 2lt  

 
x̂( ,1) ˆ( ) x( ,1)l

l l
d t s

A t s t s
ds
+

= + +   (60) 

1 1

1

( )[ ( )

ˆ( ) x( ,1)],
ˆ ˆx( ,1) x( ,2),

l l

l l

l l

t s t s

t s t s
t t

+ + +

− + +

=

K Y

C  

where 1( )lt s+K is as in (32). 
Step 3: The estimator x̂( ,1)t is computed from Step 

2 when s=l. 
Proof: (58) is from (13), (59) is just (49), and (60) 

is from Theorem 1. 
Remark 7: It can be easily seen that, the new 

derived stochastic filter is different from the filter 
from the system without delayed measurement. The 
new filter involves two parts, for each part, two 
Riccati equations will be used, but the dimension of 
the Ricatti equations is the same as the origin system. 

Remark 8: It should be noted that the proposed 
approach has given the stochastic optimal filter for 
continuous-time systems with delayed measurements 
by the technique of re-organized innovation analysis. 
The advantage of the proposed approach is mainly the 
computation burden, since it has the same dimension 
as the origin system. However, the performance of the 
optimal filter is same as traditional approach. 

 
4. NUMERICAL EXAMPLES 

 
In this section, an example will be given to show 

the efficiency of the proposed approach. Consider the 
system (1)-(3) with l = 0.4s, and 

0 1

0 1

4 3 0.5 2
( ) , ( ) ,

1 1 1 1
( ) [0.5 ], ( ) [ 3 ],
( ) [1 1], ( ) [0.5 2].

A t B t

C t t t C t t t
D t D t

− −   
= =   −   
= =

= =

 

The initial state value x(0) [0.5 1],= x̂(0) [0 0]'=  
and 0u( ), w( ), v ( ),t t t  and v1(t) are uncorrelated white 
noises with zero means and unity covariance matrices, 
i.e.,  

0 2 2 0 1( ) , ( ) . ( ) 1, ( ) ( ) 1.P t I Q t I M t R t R t= = = = =  

Our aim is to calculate the optimal estimate x̂( )t t  of 

the signal x(t) based on observation 0 0 ,{y ( ) tττ ≤ ≤  

1y ( ) }l tττ ≤ ≤  In this example, we assume that 
0.4 .t s≥  When 0 0.4 ,sτ≤ ≤  the problem becomes 

a standard Kalman filtering for the system without the 
delayed measurement. To compute the filter, we re-
organize the linear space {{ 0 0 , 1y ( ) y ( )tττ τ≤ ≤L  

}}l tτ≤ ≤  equivalently as the following linear space 

 
1 12 0 1{ ( ) ; ( ) },t t tτ ττ τ≤ ≤ ≤ ≤L Y Y   (61) 
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where 1 0.4,t t= −  and the new observation ( )i τY  
( 1,2)i =  are 

 2 0 1

1 0

( ) [y ( ) y ( 0.4)] ,
( ) y ( ),

T T Tτ τ τ
τ τ

= +

=

Y

Y
  (62) 

satisfying 

 1 1 1 1( ) ( ) x( ) ( ) x( ) w( ) ( ),τ τ τ τ τ τ τ= + +Y C D V  (63) 

 2 2 2 2( ) ( ) x( ) ( ) x( ) ( ),τ τ τ τ τ τ= + +Y C D V  (64) 

with 

 

2 1

2

0
1 2

1

1 0

0.5
( ) , ( ) 0.5 ,

3

w( ) w( )
( ) ,

0.5w( 0.4) 2 w( 0.4)

v ( )
( ) [1 1], ( ) ,

v ( 0.4)
( ) v ( ),

τ τ
τ τ τ τ

τ τ

τ τ
τ

τ τ

τ
τ τ

τ
τ τ

   = =    
 

=  + + 
 

= =  + 
=

C C

D

D V

V

 (65) 

and ( )( 1,2)i t i =V  are white noises with zero means 
and unity covariance ( ) .

I iQ t I=V  
Having obtained the re-organized observation 

sequence, the computation of the optimal filter x̂( )t t  
can be summarized by three steps below: 

Step 1: Compute 2
τP  by (26) with l = 0.4s and 

initial value 3
0 0.=P  Compute x̂( ,2)τ by (60) with 

initial value x̂(0,2) 0.=  

Step 2: Note 1 1
1 2

t t≡P P and ˆ ˆx( ,1) x( ,2).l lt t≡  

1
lt τ+

P and x̂( ,1)lt τ+ are calculated by (30) and (61), 

respectively, with i=1 and initial values 1 1
1 2

t t≡P P  
and ˆ ˆx( ,1) x( ,2).l lt t≡  

Step 3: Calculate the optimal filter x̂( )t t  in (58). 
In the simulation, the sampling period is T= 0.02s 

Fig. 1. The estimate for x1(t) with delayed 
measurement and time horizon is T= 4s. 

We denote 1 2ˆ ˆ ˆx( ) [x ( ), x ( )] .t t t t t t ′=  The tracking 
performance of the filter x̂( )t t  with the time 
delayed measurement is given in Fig. 1 whereas 
x̂( )t t  is given in Fig. 2. In Fig. 3, the comparison of 
the sum of error variance between the cases for the 
system with delay-free measurement and time-delayed 
measurement is given. In Figs. 1 and 2, the solid line 
denotes the true signal and the dashed line is its 
estimate. In Fig. 3, the solid line denotes the sum of 
error variance for the case when only the delay free 
measurement is used and the dashed line is the sum of 
error variance for the case when the delay free 

0 0.5 1 1.5 2 2.5 3 3.5 4
-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6
 the x1 with delay

t

1

2

Fig. 1. The estimate for x1(t) with delayed, 
measurement where 1 is the original state 
and 2 is the estimate. 

 

0 0.5 1 1.5 2 2.5 3 3.5 4
-0.2

0

0.2

0.4

0.6

0.8

1

1.2
 the x2 with delay

t

 1

 2

Fig. 2. The estimate for x2(t) with delayed measure-
ment where 1 is the original state and 2 is the 
estimate. 

 

0 0.5 1 1.5 2 2.5 3 3.5 4
1

2

3

4

5

6

7
 the sum of the variance with delay and without delay

t

3

4

Fig. 3. The comparison for the sum of error 
covariance where 3 is for without delay and 
4 is for with delayed measurement. 
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measurement and the time-delayed measurement is 
used. It can be observed that with additional delayed 
measurement, the filtering performance is 
significantly improved as expected. 

 
5. CONCLUSION 

 
The paper has studied the stochastic Kalman 

filtering problem for a linear continuous-time system 
with both instantaneous and time-delayed 
measurements. Multiplicative white noise is 
introduced in the state-space model. By using re-
organized innovation analysis, the new stochastic 
filter is presented. The solution to the derived Kalman 
filter is given in terms of Riccati differential equations. 
More importantly, the proposed approach in the paper 
can be applied to solve many complicated problems 
such as stochastic H∞ estimation [20], H∞ control 
stochastic system with preview and so on. 
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