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Supervisory Controller Design to Enforce Reversibility
and Liveness in Colored Petri Nets

Aydin Aybar and Mustafa Cimen

Abstract: Colored Petri net model which is a model of discrete event systems is considered in
this work. A supervisory controller which enforces reversibility and liveness simultaneously is
presented. Furthermore, the algorithms, written by pseudo-code, are presented for the supervisory
controller design. A program is developed to implement these algorithms.

Keywords: Colored Petri nets, discrete event systems, liveness, reversibility, supervisory

controller.

1. INTRODUCTION

Petri net model which was introduced by C. A. Petri
[1], has been a popular model for discrete event
systems [2]. Many types of this modelling method
(such as fuzzy, timed, colored, etc.) have been
developed and used for various aims (for example,
[3-8]).

The colored Petri net model, which is a type of
Petri nets, is considered in this work. In this model,
any place can have one or more different colored
tokens and any transition can have different colors.
While a place with a group of tokens represents the
information about a process, the same place with
another group of tokens represents the information
about another process. When a transition with a color
represents either start or completion of an event, the
same transition with another color represents either
start or completion of another event. Thus, for a
discrete event system, the number of places and
transitions in the colored Petri net model is less than
the number of places and transitions in the generalized
Petri net model.

Manufacturing systems can easily be modelled to
analyse some properties by using the colored Petri net
model. Two of the most important properties are the
cyclic behavior and the occurence of all events. These
properties, which are explained such that a system can
reach to the initial status and make all desired process,
are respectively corresponding to reversibility and
liveness in Petri net model. Therefore, reversibility
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and liveness of colored Petri nets are considered in
this work.

Many works have been considered to analyse and
develop the supervisory controller for various
properties of Petri nets (e.g., [3,4,7,9-12]). In [12], the
major properties such as boundedness, reversibility
and liveness were considered at the same time and a
supervisory  controller design approach  was
introduced to guarantee all of these properties
simultaneously. This approach was extended to
decentralized controller design for generalized Petri
nets in [7]. In addition, the structural controller design
approaches for some properties of Petri nets were
presented by various researches (for example, [11,13]).

In this work, a supervisory controller design
approach which guarantees reversibility and liveness
in colored Petri nets is introduced. This controller
approach is based on [12]. After the definitions of
these properties are given for colored Petri nets, the
algorithms, which construct the reversible set, check
the consistency, and design the controller, are
developed. Furthermore, a software which is
developed to implement for these algorithms is
presented in this work.

2. COLORED PETRI NETS

Colored Petri net is denoted by a tuple
G(P,T,N,0,C,Q,my). Here, P isthe set of places,
T is the set of transitions, Q2 is the set of color,
C:TUP—>Q is the color function, C(P) is the

set of color for all places, C(T) is the set of color for
all transitions, N(p,t):C(T)—ZY Pl is  the

matrix that specifies the weights of arcs directed from
place p to transition ¢, where 7Z is the set of non-

negative integer numbers, O(, p): C(T) — ZXCP),
is the matrix that specifies the weights of arcs directed
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from transition ¢ to place p, and my is the initial
marking.
M(p, p) indicates the number of pe C(P) color

assigned by marking M to place p. Note that, if
the place p* has not p*, then M(p*,p")=0.
M ((p) is the vector which denotes the number of the

place color and M : P — Z™C @) s the marking
matrix,

M=[M(p)" M(p,))" ..M(p,)'T.

Here, P={p;,pss--sDn}> [.]" denotes the transpose
of [].

A transition ze€T for color 7€ C(¢) isenabled if
and only if M(p,p)>N(p,t)(z,p), VpeP, Vpe
C(p), teT and 7e€C(t) when N(p,t)z,p)(p,
p)>0. Here, N(p,t)(r) is the vector which
indicates the number of all elements of C(P) in
place p for 7€ C(¢), and N(p,t)(r,p) denotes the
number of color p at N(p,?)(7).

An enabled transition ¢ for color 7 can fire at
M, yielding the new marking:

M'(p,p)=M(p,p)—N(p,1)(z, p)+ O, p)z, p),

Vpe P,VpeC(p). Note that, since ¢+ for 7 can
fire only when M(p,p)— N(p,t)(z,p)>0,
equation yields M'(p,p)eZ, peC(p). A firing

above

sequence g consists of pairs of the enabled transitions
and their colors (#;,7,)(¢,,7;), where f,t, €T and
7;€C(), 1,€C(t,). Amarking M’ issaid to be
reachable from M if there exist a sequence starting
from M and yielding M' The set denoted by
R(G,my) 1is the set of all markings reachable from
the initial marking. We let E(G,M) to denote the set
of pairs of transition and its color which are enabled at
M in Petri net G, and also y(M,g) to denote the

transition function, which gives the yielded marking
when the sequence g fires starting from M.

The considered properties of colored Petri nets are
given as follow:

Definition 1: A colored Petri net is said to be
reversible if my € R(G,M), VM € R(G,my).

Definition 2: A colored Petri net is said to be live if,
for every M e R(G,my;) and for every (¢,7),
V7 eC(t), there exists a sequence g such that ¢
for 7 canfireat y(M,g).

The example colored Petri nets is considered to
explain the notation in this work. This example net is
shown in Fig. 1.

oL
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Fig. 1. Example colored Petri net.

This net is described as P={p;,p,},
Q={x,,a,b}, C(P)={xa},

1
m0=0

matrices are constructed as follow:

N(pi.t;)(a)=[10], O(t, p)(a) =[00],
N(p,t;)(b) =[01], O(11, p )() =[00],
N(p.ty)(a)=[00], O(ty, py a) =[10],
N(p;,1,)(b) =[00], O(ty, py )(b) =[01],
N(py,t;)(a)=[00], O(1y, py)a) =[10],
N(py,1)(b) =[00], O(t, py)(b) =[01],
N(py.1:)(a)=[10], O(t,, py )(a) =[00],
N(ps,1,)(b) =[01], O(ty, p2)(b) =[00].

The new marking, M, which is obtained by firing
transition ¢ for color a at the initial marking my,

T={t,t},
C(T)=1{a,b}, and

1
0}. In addition, the input and output

is determined as

M (py,*) =my(p1,*) = N(py,t;)(a, %)+ O(t;, p )(a, %)
—1-1+0=0,

M (py,a) =my(py,a) = N(py,4 a,2) + O, py )(a,»)
—1-0+0=1,

M(pza*) = mO(pZa*) - N(pZatl)(a’*) + O(tlaPZ)(aa*)
=0-0+1=1,

M(py,8) =my(py,a) = N(py.t)(a,a) + O, pr)(a,s)
=0-0+0=0,

3. REVERSIBILITY AND LIVENESS

The algorithms for reversibility and liveness are
given in this section.

3.1. Reversibility in Color Petri Nets
The construction of the reversible set is presented in
sub-section. This set is defined as
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R.:={M € R(G,my)|3 g such that y(M,g) =my}.

The algorithm, Reversible-Set, which was first
introduced for generalized Petri nets by [12], is
extented to the colored Petri nets in this work. This
algorithm, shown in Appendix A, is developed to
construct the set R,. Reversible-Set requests the

description of the given colored Petri net, by G (the
set of places and transitions, the input and output
matrices, the color function, the set of color, and
initial marking) and the reachability set. The
reachability set is constructed by the algorithm R-Set,
given Appendix B (see for detail [14]). The algorithm
R-Set constructs the all markings which are obtained
from the initial marking and returns the reachability
set, denoted by R. Moreover, E(G,M), which obtains
the set of the pairs of enabled transition and its color
at M € R(G,my), is used by above algorithms (see
Appendix C).

Reversible-Set finds the markings which are
reached to the initial marking by firing any transition
with color. These markings are added to the set R,. If
my 1is only one element of R,, then it is not possible

to find the controller which enforce reversibility in the
given colored Petri net. It is known that if any
marking M €R,, then there always exists a sequence

g suchthat y(M,g)=my.

3.2. Liveness in Color Petri Nets

Liveness is analysed in the reversible colored Petri
nets such that the consistency is checked in the
desired nets. Consistency, which is defined for
generalized Petri nets [2], is presented to describe
liveness for colored Petri nets.

Definition 3: A colored Petri net is said to be

consistent if there exists a sequence, g,, starting
from the initial marking such that g, contains each
transition €7 and all elements of C(¢) at least once
and, when fires, leads back to .

Lemma 1: If and only if the given colored Petri net
is consistent, then a controller, which enforces both
reversibility and liveness, exists for a given colored
Petri net.

Proof: This lemma was developed and proved for
generalized Petri net in [12]. The proof in [12] is
extended to the colored Petri nets. If the given colored
Petri net is not consistent, then either some te7T for
any element of C(¢) can not fire or the initial state

can not be reached once some ¢e7 for any element
of C(¢) fires. Therefore, this net is neither reversible
nor live. Furthermore, a controller can not force the
colored Petri net since there does not exists a
sequence which contains each transition €7 and
each color of C(¢) at least once. O

The consistency algorithm, Appendix D, which was
presented for the generalized Petri nets by [12], is
extented to the colored Petri nets in this work. This
algorithm determines whether or not the colored Petri
net is consistent. If a sequence, which contains each
transition €7 for each element of C(¢), is searched
in the reversibile set in this algorithm, then it is
possible to enforce reversibility and liveness.
Otherwise, it is not possible (see Lemma 1).

4. CONTROLLER DESIGN

A supervisory controller, which is based on the
forbidden markings, 1is introduced to enforce
reversibility and liveness in the colored Petri net. This
controller is defined as the control function such that
K :R(G,my)xTxC(T)—{0,1}. Here, K(M,t,7)=0
denotes that the transition ¢ for the color 7 is
disabled at the marking M, and K(M,t,7)=1

denotes that the transition ¢ for the color 7 is
enabled at the marking M (note that, the pair (¢,7) is

denoted by © in this work).
The controller is described as

1, if y(M,0)eR),

K(M,0):=
( ) {O, otherwise,

VM € R(G,my) and V®eE(G,M). Here, R, R
(G,mg) denotes the set of the desired markings. In
this work, the set R, is taken as Rj . If the given

colored Petri net is consistent, then the reversibility
and liveness is enforced for the given colored Petri net.
Note that, if there exists the reversible set for the
given colored Petri net which is not consistent, then a
controller function, which only enforces reversibility,
can be found.

The colored Petri net under the controller K, which
is called as the controlled net, is denoted by the eight
tuple G,.(P,T,N,O,C,Q0,my,K). In this net, the
controller K enables or disables the considered
transition. The reachability set of the controlled net is
determined as the set Rjp. Thus, this controlled net is

reversible and live.

An algorithm for the controller function is given in
Appendix E. This algorithm requires the current
marking, the transition and its color, and the set of the
desired markings.

The structural controller, described by adding the
control places to the Petri nets, was introduced to
guarantee the occurence of the desired marking
vectors [15] can be considered for colored Petri nets.
The algorithms in [15] can be easily extented to
colored Petri nets. It is possible that the desired
markings could occur in the colored Petri net with the
control places.
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Fig. 2. The interface for the developed program.

5. PROGRAM

In this section, the program is introduced for the
presented  algorithms.  These algorithms are
implemented by using Matlab such that each
algorithm is developed as a matlab function.

The interface, shown in Fig. 2, contains four
buttons which are denoted by the matlab functions of
the presented algorithms. The “Load CPN” button
must be initially used. After this button is clicked, the
name of the input file which is constructed by the user
must be entered. This file contains the definition of
the considered colored Petri net (for example, the file
format is given Appendix H).

By clicking on the “Reachability Set” button, the
matlab function which implements the algorithm
shown in Appendix B is run to determine the

reachability set R(G,mgy). Each element of the set

R(G,my) also appears on the matlab display. The “R

Controller” button can be used to guarantee only
reversibility. By clicking on this button, the algoritms,
shown in Appendix G, is executed. This button
constructs the reversible set and the controller for the
reversibility enforcement. All of them appears on the
screen. If two basic properties, reversibility and
liveness, are enforced simultaneously, then the “R & L
Controller” button can be used to enforce reversibility
and liveness. When this button is clicked, the
consistency is firstly checked by using the algorithm
in Appendix D, and then the controller which enforces
reversibility and liveness simultaneously is obtained.
If the considered colored Petri net is consistent, then
the results of the controller function appear on the
screen such that only disabled the transition and its
color are displayed.

6. EXAMPLE

We consider the manufacturing system which was

Fig. 3. Colored Petri net model of a manufacturing
system.

given by [1]. This system consists of two non-
identical assembly lines, each of which contains one
robot, and two additional robots, both of which can
serve to one of the two lines at a time. The colored
Petri net model G(P,T,N,0,C,Q,my) of this
manufacturing system is shown in Fig. 3, where all
the arcs have unity weights and the colored tokens and
transitions are defined.

In this net, the set of places is P ={p,, ps,P3,Ps>
D5, Ps>P7-P8>P9> P10} the set of transition is 7' = {1,
by,t3,1,,t5,t6}, the set of color is Q={a,A,0,M,0,e,
*,a,b}, the set of colors for places is C(P)={a,A,0,
W.o,*,+}, and the set of colors for transitions
C(T)={a,b}. All definition of this net is given
Appendix H as the input file for matlab.

Let us analyse this colored Petri net: since deadlock
occurs using the developed algorithm in this net (see

[14]), the example net is neither live nor reversible.
The program, which is developed by using the
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presented algorithms, is used to enforce reversibility
and liveness.

All markings and the disabled transitions for
reversibility and liveness enforcement are obtained by
using the developed program. The reachability set is
constructed to use for the remainder algorithms. It is
found that R has 280 elements. When the “R& L
Controller” button can be actived, the reversible set,
R. c R is constructed (R. has 224 elements), the

consistency tests for this net (this net is consistent),
and then the controller which enforces reversibility
and liveness in colored Petri nets is obtained. Hence,
in this example, the controller forbits about 8% of the

original markings to achieve reversibility and liveness.

Some example results of the controller functions are
listed as follow:
- the fourth transition for the first color is disabled at

the marking M é (since all sets have ordered
format, this message shows that ¢, for color a is
disabled, i.e., K(M.,14,a)=0).

- the fourth transition for the second color is disabled
at the marking M, j

- the second transition for the first color is disabled at
the marking M 3 .

- the second transition for the second color is
disabled at the marking M?.

These above messages are corresponding to the
results of the controller function (for example,

K(M],t,,a)=0).
controller enforces reversibility and liveness in the
example net (note that, IA?:{Ml,Mcz,...,MZ‘O} is
obtained by this program).

Consequently, the  designed

[1200000] [0100000]
0000000 0010000
0000110 0000010
0000000 0000000
Aﬁ:OOIOOOO,M§=0011OOO.
0000010 0000000
0000000 0000000
0000004 000000 1
000000 1 000000 1
10000000 1000000 3]
7. CONCLUSION

A supervisory controller design approach is
considered for reversibility and liveness in colored
Petri nets. The controller design, based on [12],
guarantees reversibility and liveness for the given

colored Petri nets. The proposed approach always
finds a controller whenever it exists. Furthermore, the
controller obtained is the least restrictive controller
among all controllers which enforce desired properties.

The algorithms are presented to design this
controller for these properties simultaneously. These
algorithms also determine the reversible set and check
the property consistency for liveness. A program is
developed to implement these algorithms. It finds the
reachability and reversible sets and designs the
controllers.

The structural controller design approach which
was defined by [15] can be easily extented to colored
Petri nets. The new colored Petri net is constructed by
adding the control places to the original colored Petri
net. Thus, it is possible that the new colored Petri net
is obtained as reversible and live.

Further research is underway to use the presented
approach in a decentralized framework. Another
direction for further research may be developing
approaches based on timed and / or colored Petri nets
model (for example, routing control of the computer
networks and the popular problems such as chess
game).

APPENDICES
Appendix A: Algorithm to construct the reversible set.
Reversible - Set [G,R]

R =R\ {my}

Rr = {mo}

Do Loop Reversible
R=R
new=0

For i=1 To |R"|

®=E(G,[R"])
For j=1 To |Q|
M =y([R"]..[0]))
If MeR. Then
R. < R, U[R"];
R« R'\ [R"];
new =1
Go To Jump
End
End
Jump : Continue
End
If new =0 Then
Exit Loop Reversible
End
Loop Reversible
Return R,

Notation used in the presentation of the algorithms:
for a set X, | X | denotes the number of the elements
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of X, and [X], th

; denotes the i~ element of X
(i=12,..,| X|). All the sets are assumed to be
ordered. sets. When a new element is added to a set of
size n, the new element is taken as the (n+1)th

element.

Appendix B: Algorithm to construct the reachability
set.
R-Set [G]
R:={my}
Ry = {my}
Do Loop Const
For i=1 to |R|
M =[R];
0=E(G,[R])
For j=1 to |O]
M =y (M,[©],)

Ry <Ry (M}
End
End
R =0
R =R, \ R
If R =< Then

Exit Loop Const
End
R+ RUR

Loop Const
Return R

Appendix C: Algorithm to find the set of enabled
transitions.
E(G,M)
T=0
For i=1 to |T|
For j=1 to |C(T)|
flag =0
For k=1 to |P|
If max(N([P];.[T];)[C(T)];))>0 Then
For m=1 to |C(P)|
If M([P.[C(P)],,)>=
NP, [TIHC(T)];,[C(P)],,) Then
flag =1
Else
Go To Jump
End

End
End

End
If flag >0 Then

T« T O{(T1.[C(D,)}

End
Jump: Continue
End
End

Return T

Appendix D: Algorithm to check consistency.
Consistency [G,R, ]
rt = "not consistent"
For i=1 To |T|
For j=1 To |C(T)|
If [C(T)]; e C([T];) Then
O <O uU([T],[C(M)]))
End
End
End
For i=1 To |R,|
J = E(Gﬂ[Rr][)
For j=1 To |J]|
If y([R.];.[/];) € R, Then
O—0uU[J] j

If ®=C Then
rt = "consistent"
Go To Jump
End
End
End
End
Jump: Return rt

Appendix E: Algorithm to find the controller function
Cnt [Rp,M,0]
If y(M,0)e R, Then
k=1
Else
k=0
End
Return k

Appendix F: Algorithm to find the reversibility
enforcement controller.

R Controller [G,R]

R, =Reversible-Set[G, R]

If |R.|=1 Then

"not design a controller"
Exit algorithm

Else

For i=1 To |R, |
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® = E(G.[R,])

For j=1 To |O]
K([R,1:,[0];)= Cnt[R.,[
End

End
End

R1.[0];]

Appendix G: Algorithm to find the reversibility and
liveness enforcement controller.
R&L Controller [G,R]

R, = Reversible-Set [G,R]
If |R.|=1 Then
"not design a controller”
Exit algorithm
Else
chk = Consistency [G,R, ]
If chk ="consistent" Then
For i=1 To |R, |
©=E(G,[R,])
For j=1 To |O]
K(IR].[0]))= Cnt[R,.[R,].[0];]

End
End
Else
"not design a controller"
Exit algorithm
End
End

Appendix H: The input file (format) which is called
s "definition.m" for the example colored Petri net
(Fig. 3) is given as follow.

%1) number of place

cpnp=10;

%$ii) number of colors for places
cpnpc=7;

$iii) number of transition

cpnt=6;

%$iv) number of colors for transitions
cpntc=2;

initialize:
matrices
=zeros (cpnt, cpnpc, cpnp, cpntc) ;
=z eros(cpnp,cpnpc cpnt, cpntc) ;
(: 1)=zeros (cpnp, cpnpc) ;

input, output and marking

= O Z o0 oo

\o

3 initial marking

z= eros(l cpnpc) ;

M(: 220000 0;z;
0;z;2z;
0;z;2;

cNeoNe) o‘
cNeoNe) o‘
cNoNe) ov

=
0
0
0
0

O O - =
O O -

ll
4]1;

o
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input matrix

N(:,:,1,1)=[1 0 0 0 0 O 0;z;2z;2z;2;2];
N(:,:,1,2)=[0 1 0 0 0 0 0;z;z;2z;2z;2];
N(:,:,2,1)=[z;0 01 0 0 0 0;z;2z;2z;2];
N(:,:,2,2)=[z;0 0 01 00 0;z;z;z;2];
N(:,:,3,1)=[0 0 0 010 0;z;2z;2z;2;2];
N(:,:,3,2)=[0 0 0001 O0;z;2z;2;2;2];
N(:,:,4,1)=[2z;2;0 01 00 0 0;z;z;2];
N(:,:,4,2)=[2;2;0 0 01 0 0 0;z;z;2];
N(:,:,5,1)=[2z;2;2z;0 01 00 0 0;z;z];
N(:,:,5,2)=[2;2;2;0 0 01 00 0;z;z];
N(:,:,6,1)=[z;2z;0 0 0 01 0 0;z;z;2];
N(:,:,6,2)=[2z;2;0 0 0 001 0;z;z;2];
N(:,:,7,1)=[z;2z;2z;2;0 01 0 0 0 0;z];
N(:,:,7,2)=[z;2z;2z;2z;0 00100 0;z];
N(:,:,8,1)=[z;2;2;2;2;0 00 0 0 0 17;
N(:,:,8,2)=[2;2;2;2;2;2];
N(:,:,9,1)=[z;0 0 0 0 0 O 1;z;
000O0O0OO01;2z;00000011;
N(:,:,9,2)=[2z;0 00000 1;z;
000O0O0O01;,2z;2]);
N(:,:,10,1)=[z;2;2;2;
000O0O0GO01;z];
N(:,:,10,2)=[z;z;2z;2;
000O0O0O01;2];
% output matrix
O(:y,:,1,1)=[z;0 01 00 0 O;
2323232323220 2)
O(:,:,1,2)=[2z;0 0 01 0 0 0;
23232322223 2) 7
O(:y,:,2,1)=[2z;2;0 0 0 01 0 O;
0010O0O0GO0;z;z,252;2:2]1;
O(:,:,2,2)=[2z;2z;0 0 0 0 0 1 0;

0 0 0 1 0 0
0;z;2z;2;2;2;2];
O(-/'I?’Il):[Z;Z;Z;Z,‘OOlOOOO,‘

z;2;2;0 0 0 00 0 1;z];
O(:,:,3,2)=[2;2;2;2z;0 0 0 1 0 0 O;
z;2;2;0 0 000 0 1;z];
O(:,:,4,1)=[2;2;2;2;2;0 0 0 0 1 0 0;
001000 O0;z;z;2]1;
O(:,:,4,2)=[2;2;2;2z;2z;0 0 0 0 0 1 0;
0001000O0;z;2;2]1;
O(:,:,5,1)=[1 0 0 0 0 0 0O;
272722227
000O0OO0OO01;000000O01;21;
O(:,:,5,2)=[0 1 0 0 0 0 0O;
2327222027
0000O0OO01;00000O00O01;21;
O(:,:,6,1)=[z;2;2;2;2;2;2;2;
000O0OO0OO0O1;00000O0O011;
O(:,:,6,2)=[2;2;2;2;2;2;2:2;2;2);
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