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Direct Adaptive Fuzzy Control with Less Restrictions on the Control Gain

Phi Anh Phan and Timothy J. Gale

Abstract: In the adaptive fuzzy control field for affine nonlinear systems, there are two basic
configurations: direct and indirect. It is well known that the direct configuration needs more
restrictions on the control gain than the indirect configuration. In general, these restrictions are
difficult to check in practice where mathematical models of plant are not available. In this paper,
using a simple extension of the universal approximation theorem, we show that the only required
constraint on the control gain is that its sign is known. The Lyapunov synthesis approach is used
to guarantee the stability and convergence of the closed loop system. Finally, examples of an
inverted pendulum and a magnet levitation system demonstrate the theoretical results.

Keywords: Affine nonlinear system, direct adaptive fuzzy control, less restriction on the control

gain, neural fuzzy system.

1. INTRODUCTION

For affine nonlinear systems, adaptive fuzzy control
(AFC) can be divided to two categories, direct and
indirect. In direct-type schemes, only one neuro-fuzzy
system is used as a controller to approximate an ideal
control law [1-16]. In the indirect-type, two neuro-
fuzzy systems are used to approximate the non-linear
dynamics of the plant [17-22]. Thus, it can be said that
direct AFC is structurally simpler than indirect AFC.
However, direct AFC schemes usually require more

constraints on the control gain g(x) (see Section 2 for
the definition of g(x)) than indirect schemes.

In addition to the well-known necessary condition
g(x)>0 for a controllable plant, some extra

constraints on g(x) are needed for stability and

convergence analysis. Da and Song [4,5] require that
the control gain g(x) is known. In [2], g(x) is

assumed to be in the form g(x) =l§(§) in which
c

¢>0 is an unknown scalar constant and g(x) is
known. The authors of [1,6-8] require that g(x) is
an unknown constant. In [10,11], the bounds of g(x)
and its first derivative need to be known. In [3], it is
g (x)

ox,

assumed that =0, i.e., the control gain does
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not depend on the state variable x,,.

Recently, some researchers have proposed a
number of different approaches to relax the extra
constraints on g(x). Wang et al. [12,13] propose a

solution in which the control law does not require
extra constraint on g(x). However, g(x) still
needs to be known to implement the adaptive law. Ge
et al [3] propose an approach in which they relax extra
constraints on g()_c) by using a novel integral-type
Lyapunov function. The authors later comment that
due to the integral operation, this approach is
complicated and difficult to use in practice [14]. Leu
et al [15] propose a solution in which the nonlinearity
of g(x) is treated as a component of the overall

uncertainty and is cancelled using a variable structure
control term. Thus, the bound of g(x) is still needed.
Park et al. [16] propose an approach in which the

implicit function theorem is used to solve the problem.
A critical step in their design is to determine a

constant ¢ such that c>% g(x), thus knowledge

of the upper bound of g(x) is still necessary.

These constraints present difficulties in practice.
For instance, the requirement of constant g(x)

restricts the number of plants that direct AFC can be
applied to. The requirement of known g(x)
normally requires tests carried on plants to estimate it.
Moreover, it cancels out the main advantage of AFthat
is no mathematical model of plants is required. Even
the requirement of known bound of g(x) is a
disadvantage. If a too conservative bound value is

chosen, it usually results in undesired control action.
Thus, experiments are also needed to determine the
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bound. These extra experiments add complexity, time
and cost to the design of direct AFC.

Why does direct AFC require more restrictions than
indirect AFC in the stability analysis? Are those extra
restrictions really necessary conditions? Or are they
used simply to overcome obstacles in the stability
analysis? We identify that the obstacle lies in the
statement of the approximation property of fuzzy
logic systems. In this paper, using a simple extension
of the universal approximation property, we show that
those extra constraints are actually not needed. Based
on this property, the stability analysis of direct AFC
can be performed very much like its indirect
counterpart [1].

2. PROBLEM STATEMENT

In this paper, we consider a class of SISO n™-order
affine non-linear systems, which can be represented in
the the controllable canonical form.

xl =X,

).Cz = X3,
)

X, = f(x)+ g(x)u,
y=x,

where u is the control input; y is the output; f(x)

and g(x) are unknown continuous functions; x =
(1,5 X505 X )" is the state vector of the system,

which is assumed available for measurement, and U¢

is the controllability region.

Control objective: To design an adaptive fuzzy
controller such that:

* The closed-loop system is stable in the sense that
all the variables in the closed-loop system are
bounded.

* The output y(¢) of the system follows a continuous
reference signal #(z).

To design a controller satisfying the above control
objectives, the following assumptions are made:
Assumption 1: g(x) is continuous and the sign of

g(x) is known for xeU,, where U, is the

controllability region.
Since g(x)#0 (controllable condition of system

(1) and g(x) is
controllability region U, without loss of generality, it

continuous for x in the

can be assumed that g(x)>0 for xeU,.
Assumption 2: Define r=[7,#,7...,r" V7. We

assume that ||g||£r0 and “r(”)”érl with known

constants 7,7 > 0.

3. DESCRIPTION OF FUZZY LOGIC
SYSTEMS AND THEIR APPROXIMATION
PROPERTIES

In this section, we describe the type of fuzzy logic
systems (FLS) used in this paper. Then, we present the
universal approximation property of this class of FLSs.
The universal approximation property of wider classes
of FLSs have already been investigated in the
literature [1,2,23-25]. Thus, the purpose of re-
introducing the universal approximation property here
is to utilize it as a tool to prove Lemma 1 in Section 4
that is necessary for the stability analysis of our
proposed controller.

3.1. Description of fuzzy logic systems
For each a<b, a,beR, let a(a,b):R—R be

a membership function such that a/(a,b)(x)#0 if
x€ (a,b). The chosen fuzzy system has the If-Then
rule base of the following form:
RY: IF x| is Ali, and x, is Aé, and ...and x,
is A,il,
THEN yis 6;,
where )_cz(xl,xz,...,xn)T eUcR"' and yeV cR
are the crisp input and output of the fuzzy system.

Aij are fuzzy sets with membership functions

J — ) J J P —
A4; (x,-)—a(aﬂ,aiz)(x,-) for some a} <al,, j=1,

...,M where M is the number of rules, i=1,...,n.

6; 1s the system output due to rule RY.

Then, the output of a Takagi-Sugeno fuzzy system
is a weighted average of 6;:

i YV o) M
P=f@0="C =N e00w @)
j:]ﬂ]()—c) j=1
in which
§=(x1,x2,...,xn)T€UCR",Q=(91,92,...9M)T,
,uj()_c)qulj(xi), §;(£)= A/;/(E) 20

Zj:l’u ;(x)
M

and Y &;(x)=1, j=1...M.
=1

3.2. The universal approximation property

The universal approximation property [1,2,23-25]
of fuzzy system (2) is stated in Theorem 1 as follows:
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Theorem 1: Let f:U c R" — R be a continuous
function defined on a compact U, then for each

€>0 there exists a fuzzy system J} (x|6) in the
form (2) such that

f@-Jx|0)|<e, Vxel.
Proof: The proof is given in [23]. N
4. DIRECT ADAPTIVE FUZZY CONTROL

To present the control method, first we consider the
case where f(x) and g(x) in system (1) are
known. If we use the controller

x 1

' zg(é)(_f(ﬁ)”few(")), o

. (n-1) T
where gz(e,e,e,...,e ) , e=r—y, k=(k,k,,

.k, )T, then substituting to (1) gives

M =kl e=—kje—kye...— k"™, )

We can easily choose k such that (4) is Hurwitz

stable, i.e., lim e=0 or lim y=r. Let v=kT§
{—>+o0 [—+oo

+7" . Equation (3) becomes

v (X)=

(—f(x)+v) (5)
g(x)

in which
XZ(ETW)T € UK,

Uy ={&fre Ul |}

Now, consider that f(x) and g(x) are not

known. We employ a fuzzy logic controller in the
form (2)

M
~i(xe) =30, () ©)
j=1

in which adaptive parameters are the rule consequents
; T
0], ]:1M, andg:(el,ez,HM)

(1) becomes

. Thus, system

W = £ (2)+ g (x)i(X]6).

Adding and subtracting g(x)u” (X), we have:

W = 1 (x)+ g(x)i(x]0)
+g(u" (X)) - g(xu” (X).

From (3),

y(n) =f(x)+ g(z)(g(lj_c) (—f(z) +k et r(n)D

+] g (x6)- g’ 0|
& e =k e+ [ g0’ (1) - g(0)i(X]0) |
(7
To continue, we introduce Lemma 1, which is
inspired by the proof of universal property given in
[23].
Lemma 1: Given arbitrary & >0,

£ = (G (X6 (X)om s (X))
parameter vector 6" = (61*,6; ,...6;4 )T

x)i(X]0)= ch(a ~6;)¢;(X)+e

where |€| <& and ¢’/ aresome positive constants.

there exist

and an ideal

such that

gx)u’(X)-g

Proof: The proof'is given in Appendix A. 0
Applying Lemma 1 to (7), the error dynamic
becomes:

M .

e =—1_ch+[201 (67-6,)¢; (l)+£}. (8)
Jj=l

In the vector form,

M .
§=ACg+l_7C[Zcf (ej —ej)gj (g)w}, 9)

J=1

where
1 0 0 0
0 1 0 0
Ac= 5 DL be=
0 0 O 1 0
ko ko kj Ky

Since A is a stable matrix, there exists a unique

positive definite symmetric nXn matrix P which
satisfies the Lyapunov equation:

ALP+PAL =-0, (10)

where Q is an arbitrary nXxXn positive definite matrix.
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Now, consider the Lyapunov function candidate

1
V=oe Pe+2—jZ;c (0 -0, ) (11)

in which >0 is the adaptive gain of the controller.

Since P is positive definite and ¢/ >0, j=1...M
it is obvious that V' >20. Ve,¢,, The time derivative
of V" along the trajectory of (9) is:

V= —leTQe——Zc](B 9)
V=1

= B (12)

o1
V= —EQTQQ +¢' Pboe

L350 (0-0,) (e Pt (0)-))

=

If we choose the adaptive law:
8, =ye' Pbod (X), (13)
then from (12), we have:

. 1
V=—2¢ Ocre Phee. (14)

From Lemma 1, we can expect that £ should be
small, if not equal to zero, provided that we use a
sufficient number of rules M. If £€=0, then we

have Vz—%gTQgso. Since V' is lower bounded

(20) and V is uniformly continuous, using the

Barbalat’s Lemma, we have lim V' =0, therefore

{—>+oo

lim |g(t)| =
=00

Remark 1: To compensate for the approximation
error £, some authors have proposed different
approaches such as using error bound estimation
[7,21], H., attenuation technique [17], and tuning

nonlinear parameters in fuzzy controllers (widths and
center of membership functions) [10], etc. We have
proposed to use an approximation error estimator in
[22]. This approximation error estimator scheme can
also be applied to this direct AFC.

Remark 2: To guarantee the boundedness of
adaptive parameters, modified adaptive laws such as
projection algorithms and & -modification [1-3,17]
can be used. The following algorithm is proposed:

7€TP120§/ (X)
or (6 6 and ye Pbcé’
0, = or (6’ 0L and ye Pbcé'

0 if (9 BU and ye Pbcé'

A —_—
/"\ /—\

(9 =6% and ye’ Pbo{; (X

in which vectors 0" = (6,65 .....63; )T and ¢V =
(eF,ag,...,eﬂ)T are chosen such that Q(X‘QL)
gu*(g)sﬁ(g‘glf), VXeUy. Algorithm (15)
guarantees not only that ot < ;< 49;], j=1...M,
but also Q(K‘QL)ZQ(MQ)ZQ(K‘QU). Thus, it
allows us to set explicit bounds on the control signal

u(X |Q). This is useful in practice to avoid actuator

saturation and failure.

Remark 3: In the controller, there are 3 design
parameters: k£, O, and y. k is chosen such that
the error dynamic (4) is Hurwitz stable. Let A, (Q)

be the minimum eigen value of (. In general,

increasing A;,(Q) and y lead to better transient
response and smaller steady-state error. However, too
large A, (Q) and y lead to chattering and high

gain control. Therefore, in practical applications, the
design parameters should be adjusted carefully for
achieving suitable transient performance and control
action.

5. EXAMPLES

To demonstrate the theoretical results, we present 2
applications to an inverted pendulum and a magnetic

7

Fig. 1. The inverted pendulum.



Direct Adaptive Fuzzy Control with Less Restrictions on the Control Gain 625

levitation system.

5.1. Inverted pendulum
The dynamics of the system (see Fig. 1) is given by:

).Cl:XZ,
. . m.l.xzz.cos X;.sin x 1
Xy =| g.Smx; — . 5
me +m ; 4 mcos” x
3 m.+m
cos X 1
+ . M
mc+ml 4 mcos” x
3 m,+m
= /() +gxu,
y=x,

in which x; is the angular position of the pendulum,
x, is the angular velocity of the pendulum, m, is
mass of the cart, m is mass of the pendulum and /
is half-length of the pendulum. In the simulation,
m, =1kg, m=0.1kg, and /=0.5m. The initial state

is [x(0),x,(0)) =[-7z/6,-7/6]".

The control objective is to make the angular
position y=ux; track the reference signal r(¢)=
0.5sin(z).

The operating input ranges are chosen as follows:

x e[-L1]; x, e[-L1]; ve[-11].

The membership functions of each input variable
X1, X, and v are chosen as shown in Fig. 2. All

possible rules are used. Thus, there are 3x3x3 =27
rules. All the consequent values are initially chosen as
ZeroSs.

Assume that, due to the physical limitation of
actuators, the force applied on the cart u has to be in

the range [-15N,15N]. From Remark 2, this can be

Degree of membership

input1

Fig. 2. Membership functions for x, x,,and v.

assured by setting 6’1L =¢92L =...¢92L7 =-15 and

o =6Y =...65, =—15.
From Remark 3, the design procedure can be:
* choose k, and Q.
* estimate P using (10).
* tune ¥ until satisfied performance is obtained.
In this application, the controller parameters are

chosen as follows:
25 10
P= { }; y=50.

T 20 0
k=1 1 ;0= ;
- [ ] © {0 10} 10 15

The results are shown in Figs. 3-5. It can be seen
that the inverted pendulum is successfully controlled
by the direct adaptive fuzzy controller. From an initial
tracking error of —z/6, it converges quickly to the

range [—0.02,0.02]. The control signal is shown in
Fig. 5.

The same application is also controlled successfully
in[5,12]. However, Gao[5] requires the determination

of g()_c)_l
to implement the adaptive algorithm (28). Also, the
bounds of f(x) and g(x) are required. Here, we

. In Wang [12], g(x) needs to be known

Angular Position(rad)

|
30 35 40

Time(second)

Fig. 3. Angular position.

0.6

0.5

0.4

0.3

0.2

Angular Error(rad)

0.1

0

-0.1
0

Time(second)

Fig. 4. Tracking error.



626 Phi Anh Phan and Timothy J. Gale

20

Control Signal(N)

Time(second)

Fig. 5. Control signal.

have shown that the only requirement on the control
gain is its sign. This simplifies the design process and
eliminates the time and cost of determining those
extra requirements.

5.2. Magnetic levitation system

In this application, the control objective is to
control the position of a magnet suspended above an
electromagnet, where the magnet is constrained so
that it can only move in the vertical direction (see Fig.
6). The equation of motion of this system is:

20 B
o M

where y(¢) is the distance of the magnet above the

() =—g+%sgn<i> (),

electromagnet, i(¢) is the current flowing in the
electromagnet, M is the mass of the magnet, and g
is the gravitational constant. The parameter 3 is a
viscous friction coefficient that is determined by the
material in which the magnet moves, and « is a
field strength constant that is determined by the
number of turns of wire on the electromagnet and the

strength of the magnet. In this application, we choose
M =3kg, =15, and S =12. The desired position

N

(1)
q o -

[F g~ g~ g~ g=

Fig. 6. A magnet levitation system.

y4(t) is taken randomly in the range [0.5cm,4cm].
The reference trajectory is generated using a reference

model with transfer function Ji (S) = 4 .
va(s) (s+2)(s+2)

X =y, and u= sgn(i)i2 ().

Let x3 =),
Thus, the current i can be calculated as i=sgn(u)

JJabs(u). The dynamic equations become

. o
X2 =—g—£x2 +—u,
M X1

y=X,

which is in the affine form (1). Therefore, we can
apply our proposed direct AFC to control this system.
The range of the inputs are:

x €[0,5]; x,e[-5,10]; ve[-10,10].

The membership functions of the three input
variables are in Figs. 7-9. All the consequent values
are initially chosen as zero.

Assume that the current flowing in the

mf3

/SN S
/ N/

o
®
T

o
)
T

o
'S
T

Degree of membership

o
N
T

I . I . I . . . .
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
input1

Fig. 7. Membership functions for x;.

1N o o
B o ®
T T T

Degree of membership

o
N
T

input2

Fig. 8. Membership functions for x,.
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electromagnet i(f) has to be in the range [-54,54].
From Remark 2, this can be easily assured by setting
Of =0f =..05,=—5 and 8V =6Y =...6%, =5.

Using the same design procedure in application 1,
the controller parameters are:

T 20 0 25 10
k=[1 1] ;0= ; P= 0 15 ; y=25.

0 10

Degree of membership

Output(cm)

reference trajactory
05f- - —-—-4———L——d—— L __ 11— —actual output —
— — — desired output

0 | | | | | | | |
0 10 20 30 40 50 60 70 80 90

Time(second)

Fig. 10. Output position (cm).

0.2 T T T T
I I I I
I I I I
0.1 = | s I
I I I I
I I I I
o | ‘ | | |
I I I I | I I
. I I I I I I I
F S Y T T |
o | | | | | | | |
2 | | | | | | | |
X | I | | | | I |
@’0-2”"\”’T"’\”’T”’\”’T”’\”’T”*
= I I I I I I I I
I I I I I I I I
B < L B A P R (R RO
I I I I | I I I
I I I I I I I I
I I I I I I I I
B2 e e o Al it Rt iy Bl
I I I I I I I I
I I I I I I I I
05 I I I I | I I I

0

=)
N
S
w
S
N
S
o
S
(2]
S
~
=]
©
o

90
Time(second)

Fig. 11. Tracking error.

T T T T T
| | | | | | | |
| | | | | | | |
| | | | | | | |
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| | [ [ | | |
| [ | |
| | | I |
S ‘I\ \‘ ,,,,,, T B
| | |
= ‘ | | |
£ I I I I h
 1--F--A B T T T A L B e |
g I | | | | |
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| | | | | |
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T B N S N
| | | | | | | |
| | | | | | | |
| | | | | | | |
-2 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90

Time(second)

Fig. 12. Control signal.

The results are shown in Figs. 10-12. It can be
observed that the actual output tracks closely the
reference trajectory. Fig. 11 shows that the tracking
error is maintained in the range [-0.lcm,0.lcm],
and the set-point error converges to a very small
neighbourhood of zero. Similar to the first application,
the only requirement for the control gain g(x) is its

sign, which is positive in this case. Further knowledge
of g(x) orits bounds are not necessary.

6. CONCLUSION

In this paper, we show that in direct AFC, the only
requirement is that the sign of the control gain is
known and extra requirements on the control gain
g(x) are not needed. Using a simple extension of the

well-known universal approximation theorem, we
perform stability analysis of the direct AFC, and show
that the stability analysis is very much like the
stability analysis for the traditional indirect AFC.
Applications to an inverted pendulum and a magnet
levitation system confirm the theoretical results.

APPENDIX A
Proof of Lemma 1: Let XjeUX. As g(x),

1(X|6), and u"(X) are continuous at X/, for

each i=1...n,n+1, there existsa é}j >0 such that
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= ‘[g(&)u* (K)—g(l)ﬁ(ﬂg)}
e (7))

where ¢/ = g(&j) > 0.
Define

) (A.1)

<g

B

0, ={x||X; - x/| <&/ (i=1...n+1)].

As Uy is compact, there exists a finite subfamily

0Oy, O,, ..., Oy, such that

Uy cO,00,0...u0y,.

Choose
4l (X)=a(X] =8/ X] + 87 )(X,), i=1.n+,
j=1...M such that

47 (xf)=1ifk=
_ jk=1...M (A.2)
4] (xf)=0ifk=
-ejzu*(g/), j=1..M (A.3)
From (2) and (A.2),

ﬁ(ij)=1§9k§k(ij)
=6 x0+6,x0+...0; x1+...+ 6, x0
=0;. (A4)

Substituting (A.3) and (A.4) to (A.1), we have:

[e(@)u’ (X)-g(x)i(xl6)]-c/ (6 -6, ) <&

(A.5)
As {;(X)#0for XeO; and ¢;(X)=0for X

€0,
(a5)=[[g(x)u" (x)-g(x)a(x]0)]
~/(6-6,) ¢, (X)<e¢; (X).

Take the summation for j=1...M,

Mz

(@) () 2(x)i(x]6)]

~.
]
—_

~c (6] “91)‘5; (X)=< is*é“j (&)

. (A.6)
<eg.

—ﬁcf(e?—ef):,- (x)

Thus, g()_c)u*(l)—g()_c)ﬁ(lm) can be appro-

M
ximated by )¢/ (6] -6;)¢;(X):
j=1

g(x)u” (X)-g(x)i(X]6)

1=

/(6] -6,)¢;(X)+e,

~
Il
—_

where |8| <&" and ¢’/ are some positive constants.
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