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Abstract: In the adaptive fuzzy control field for affine nonlinear systems, there are two basic 
configurations: direct and indirect. It is well known that the direct configuration needs more 
restrictions on the control gain than the indirect configuration. In general, these restrictions are 
difficult to check in practice where mathematical models of plant are not available. In this paper, 
using a simple extension of the universal approximation theorem, we show that the only required 
constraint on the control gain is that its sign is known. The Lyapunov synthesis approach is used 
to guarantee the stability and convergence of the closed loop system. Finally, examples of an 
inverted pendulum and a magnet levitation system demonstrate the theoretical results. 
 
Keywords: Affine nonlinear system, direct adaptive fuzzy control, less restriction on the control 
gain, neural fuzzy system. 
 

1. INTRODUCTION 
 
For affine nonlinear systems, adaptive fuzzy control 

(AFC) can be divided to two categories, direct and 
indirect. In direct-type schemes, only one neuro-fuzzy 
system is used as a controller to approximate an ideal 
control law [1-16]. In the indirect-type, two neuro-
fuzzy systems are used to approximate the non-linear 
dynamics of the plant [17-22]. Thus, it can be said that 
direct AFC is structurally simpler than indirect AFC. 
However, direct AFC schemes usually require more 
constraints on the control gain ( )g x (see Section 2 for 
the definition of ( ))g x  than indirect schemes. 

In addition to the well-known necessary condition 
( ) 0g x >  for a controllable plant, some extra 

constraints on ( )g x  are needed for stability and 
convergence analysis. Da and Song [4,5] require that 
the control gain ( )g x  is known. In [2], ( )g x  is 

assumed to be in the form ( ) ( )1g x g x
c

=  in which 

0c >  is an unknown scalar constant and ( )g x  is 
known. The authors of [1,6-8] require that ( )g x  is 
an unknown constant. In [10,11], the bounds of ( )g x  
and its first derivative need to be known. In [3], it is 

assumed that 
( )

0,
n

g x
x

∂
=

∂
 i.e., the control gain does 

not depend on the state variable .nx  
Recently, some researchers have proposed a 

number of different approaches to relax the extra 
constraints on ( ).g x  Wang et al. [12,13] propose a 
solution in which the control law does not require 
extra constraint on ( )g x . However, ( )g x  still 
needs to be known to implement the adaptive law. Ge 
et al [3] propose an approach in which they relax extra 
constraints on ( )g x  by using a novel integral-type 
Lyapunov function. The authors later comment that 
due to the integral operation, this approach is 
complicated and difficult to use in practice [14]. Leu 
et al [15] propose a solution in which the nonlinearity 
of ( )g x  is treated as a component of the overall 
uncertainty and is cancelled using a variable structure 
control term. Thus, the bound of ( )g x  is still needed. 
Park et al. [16] propose an approach in which the 
implicit function theorem is used to solve the problem. 
A critical step in their design is to determine a 

constant c  such that ( )1 ,
2

c g x>  thus knowledge 

of the upper bound of ( )g x  is still necessary. 
These constraints present difficulties in practice. 

For instance, the requirement of constant ( )g x  
restricts the number of plants that direct AFC can be 
applied to. The requirement of known ( )g x  
normally requires tests carried on plants to estimate it. 
Moreover, it cancels out the main advantage of AFthat 
is no mathematical model of plants is required. Even 
the requirement of known bound of ( )g x  is a 
disadvantage. If a too conservative bound value is 
chosen, it usually results in undesired control action. 
Thus, experiments are also needed to determine the 
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bound. These extra experiments add complexity, time 
and cost to the design of direct AFC. 

Why does direct AFC require more restrictions than 
indirect AFC in the stability analysis? Are those extra 
restrictions really necessary conditions? Or are they 
used simply to overcome obstacles in the stability 
analysis? We identify that the obstacle lies in the 
statement of the approximation property of fuzzy 
logic systems. In this paper, using a simple extension 
of the universal approximation property, we show that 
those extra constraints are actually not needed. Based 
on this property, the stability analysis of direct AFC 
can be performed very much like its indirect 
counterpart [1]. 

 
2. PROBLEM STATEMENT 

 
In this paper, we consider a class of SISO nth-order 

affine non-linear systems, which can be represented in 
the the controllable canonical form. 

1 2

2 3

1

,
,

( ) ( ) ,
,

n

x x
x x

x f x g x u
y x

=
=

= +
=

�
�
…
…
�

   (1) 

where u is the control input; y is the output; ( )f x  
and ( )g x  are unknown continuous functions; x =  

1, 2( , , , )T
nx x x… is the state vector of the system, 

which is assumed available for measurement, and UC 
is the controllability region. 

Control objective: To design an adaptive fuzzy 
controller such that: 
• The closed-loop system is stable in the sense that 

all the variables in the closed-loop system are 
bounded. 

• The output y(t) of the system follows a continuous 
reference signal r(t).  
To design a controller satisfying the above control 

objectives, the following assumptions are made: 
Assumption 1: ( )g x  is continuous and the sign of 
( )g x  is known for ,xx U∈  where xU  is the 

controllability region. 
Since ( ) 0g x ≠  (controllable condition of system 
(1)) and ( )g x  is continuous for x  in the 
controllability region ,xU without loss of generality, it 

can be assumed that ( ) 0g x >  for .xx U∈  

Assumption 2: Define ( 1)[ , , , ] .n Tr r r r r −= � �� ���…  We 

assume that 0r r≤  and ( )
1

nr r≤  with known 

constants 0 1, 0.r r >  
 

3. DESCRIPTION OF FUZZY LOGIC 
SYSTEMS AND THEIR APPROXIMATION 

PROPERTIES 
 
In this section, we describe the type of fuzzy logic 

systems (FLS) used in this paper. Then, we present the 
universal approximation property of this class of FLSs. 
The universal approximation property of wider classes 
of FLSs have already been investigated in the 
literature [1,2,23-25]. Thus, the purpose of re-
introducing the universal approximation property here 
is to utilize it as a tool to prove Lemma 1 in Section 4 
that is necessary for the stability analysis of our 
proposed controller. 

 
3.1. Description of fuzzy logic systems 

For each ,a b<  , ,a b R∈  let ( ), :a b R Rα →  be 
a membership function such that ( )( ), 0a b xα ≠  if 

( ), .x a b∈  The chosen fuzzy system has the If-Then 
rule base of the following form: 
R(j): IF 1x  is 1 ,iA  and 2x  is 2 ,iA  and …and nx  

is ,i
nA  

THEN y is ,jθ  

where 1 2( , , , )T n
nx x x x U R= ∈ ⊂…  and y V R∈ ⊂  

are the crisp input and output of the fuzzy system. 
j

iA are fuzzy sets with membership functions 

( ) ( )( )1 2,j j j
i ii i iA x a a xα=  for some 1 2 ,j j

i ia a<  1,j =  

, M…  where M is the number of rules, 1, , .i n= …  

jθ  is the system output due to rule R(j). 
Then, the output of a Takagi-Sugeno fuzzy system 

is a weighted average of iθ : 

1

11

( )
ˆˆ ( | ) ( )

( )

M
Mj jj

j jM
jjj

x
y f x x

x

θ µ
θ θ ζ

µ
=

==

= = =
∑

∑
∑

 (2) 

in which  

( )

( ) ( )
( )

1 2 1 2

1 1

( , , , ) , , , ,

( ) , ( ) 0

TT n
n M

n
jj

j i ji M
i jj

x x x x U R

x
x A x x

x

θ θ θ θ
µ

µ ζ
µ= =

= ∈ ⊂ =

= = ≥∏
∑

… …

and 
1

( ) 1,
M

j
j

xζ
=

=∑  1 .j M= …  

 
3.2. The universal approximation property 

The universal approximation property [1,2,23-25] 
of fuzzy system (2) is stated in Theorem 1 as follows: 
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Theorem 1: Let : nf U R R⊆ →  be a continuous 
function defined on a compact ,U  then for each 

0ε >  there exists a fuzzy system ˆ ( | )f x θ  in the 
form (2) such that 

ˆ( ) ( | ) ,f x f x θ ε− ≤ .x U∀ ∈  

Proof: The proof is given in [23].              
 
4. DIRECT ADAPTIVE FUZZY CONTROL 
 
To present the control method, first we consider the 

case where ( )f x  and ( )g x  in system (1) are 
known. If we use the controller  

( ) ( ) ( )( )1 ,nTu f x k e r
g x

∗ = − + +   (3)  

where ( )( )1, , , , ,
Tne e e e e −= � ��… ,e r y= − 1 2( , ,k k k=  

, ) ,T
nk…  then substituting to (1) gives 

( ) ( )1
1 2 .n nT

ne k e k e k e k e −= − = − − −�…  (4) 

We can easily choose k  such that (4) is Hurwitz 

stable, i.e., lim 0
t

e
→+∞

=  or lim .
t

y r
→+∞

=  Let Tv k e=  

( ) .nr+  Equation (3) becomes 

( ) ( )1 ( )
( )

u X f x v
g x

∗ = − +    (5) 

in which 

( )
{ }( )

0 1

, ,

, , .

TT
X

n
X x

X x v U

U X x U r r r r

= ∈

= ∈ ≤ ≤
 

Now, consider that ( )f x  and ( )g x  are not 
known. We employ a fuzzy logic controller in the 
form (2)  

( ) ( )
1

ˆ
M

j j
j

u u X Xθ θ ζ
=

= =∑    (6) 

in which adaptive parameters are the rule consequents 
,jθ 1 ,j M= …  and ( )1 2, , .T

Mθ θ θ θ= …  Thus, system 
(1) becomes 

( ) ( ) ( ) ( )ˆ .ny f x g x u X θ= +  

Adding and subtracting ( ) ( ),g x u X∗  we have: 

( ) ( ) ( ) ( )ˆ

( ) ( ) ( ) ( ).

ny f x g x u X

g x u X g x u X

θ
∗ ∗

= +

+ −
 

From (3), 
 

( ) ( ) ( ) ( ) ( )

( )
( )

1( )

ˆ           ( ) ( ) ( )

ˆ( ) ( ) ( ) ( ) .Tn

n nTy f x g x f x k e r
g x

g x u X g x u X

e k e g x u X g x u X

θ

θ∗

  = + − + +     
∗ + −  

 ⇔ = − + − 
(7) 

To continue, we introduce Lemma 1, which is 
inspired by the proof of universal property given in 
[23]. 

Lemma 1: Given arbitrary 0,ε ∗ >  there exist 

( ) ( ) ( ) ( )( )1 2, , T
MX X X Xζ ζ ζ ζ= …  and an ideal 

parameter vector ( )* * *
1 2, ,

T
Mθ θ θ θ∗ = …  such that 

( ) ( ) ( ) ( ) ( ) ( )
1

ˆ
M

j
j j j

j
g x u X g x u X c Xθ θ θ ζ ε∗ ∗

=
− = − +∑

where ε ε∗≤  and jc  are some positive constants. 
Proof: The proof is given in Appendix A.       
Applying Lemma 1 to (7), the error dynamic 

becomes: 

( ) ( ) ( )
1

.
M

n T j
j j j

j
e k e c Xθ θ ζ ε∗

=

 
 = − + − +
  
∑  (8) 

In the vector form, 

( ) ( )
1

,
M

j
C j j jC

j
e e b c Xθ θ ζ ε∗

=

 
 = Λ + − +
  
∑�  (9) 

where  

C

1 2 3 n

0 1 0 0
0 0 1 0

Λ = ,
0 0 0 1

-k -k -k -k

 
 
 
 
 
 
 
 

"
"

# # # % #
"
"

 

0
0

.
0
1

Cb

 
 
 
 =
 
 
 
 

#  

Since CΛ  is a stable matrix, there exists a unique 
positive definite symmetric n n×  matrix P  which 
satisfies the Lyapunov equation: 

 ,T
C CP P QΛ + Λ = −    (10) 

where Q is an arbitrary n n×  positive definite matrix.  
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Now, consider the Lyapunov function candidate 

 ( )2

1

1 1
2 2

M
T j

j j
j

V e Pe c θ θ
γ

∗

=
= + −∑    (11) 

in which 0γ >  is the adaptive gain of the controller. 

Since P  is positive definite and 0,jc > 1 ,j M= …  
it is obvious that 0.V ≥  , uie φ∀  The time derivative 
of V along the trajectory of (9) is: 

( )

( ) ( )

( ) ( )( )

1

1

1

1 1
2

      

1
2
1 .

M
T j

j j j
j

M
T j

j j jC
j

T T
C

M
Tj

j j j jC
j

V e Qe c

e Pb c X

V e Qe e Pb

c e Pb X

θ θ θ
γ

θ θ ζ ε

ε

θ θ γ ζ θ
γ

∗

=

∗

=

∗

=

= − − −

 
 + − +
  

⇔ = − +

+ − −

∑

∑

∑

��

�

�

(12) 

If we choose the adaptive law: 

( ),T
j jCe Pb Xθ γ ζ=�    (13) 

then from (12), we have: 

1 .
2

T T
CV e Qe e Pb ε= − +�     (14) 

From Lemma 1, we can expect that ε  should be 
small, if not equal to zero, provided that we use a 
sufficient number of rules .M  If 0,ε =  then we 

have 1 0.
2

TV e Qe= − ≤�  Since V  is lower bounded 

( )0≥  and V�  is uniformly continuous, using the 

Barbalat’s Lemma, we have lim 0,
t

V
→+∞

=�  therefore 

lim ( ) 0.
t

e t
→∞

=  

Remark 1: To compensate for the approximation 
error ,ε  some authors have proposed different 
approaches such as using error bound estimation 
[7,21], H∞  attenuation technique [17], and tuning 
nonlinear parameters in fuzzy controllers (widths and 
center of membership functions) [10], etc. We have 
proposed to use an approximation error estimator in 
[22]. This approximation error estimator scheme can 
also be applied to this direct AFC. 

Remark 2: To guarantee the boundedness of 
adaptive parameters, modified adaptive laws such as 
projection algorithms and ε -modification [1-3,17] 
can be used. The following algorithm is proposed: 

( ) ( )
( )( )
( )( )
( )( )
( )( )

            if  

        or  and 0

        or  and 0

0       if  and 0

       or  and 0

T L U
j j j jC

TU
j j jC

TL
j j j jC

TU
j j jC

TL
j j jC

e Pb X

e Pb X

e Pb X

e Pb X

e Pb X

γ ζ θ θ θ

θ θ γ ζ

θ θ θ γ ζ

θ θ γ ζ

θ θ γ ζ

 < <



= <

= = >

 = ≥


= ≤

� (15) 

in which vectors ( )1 2, , ,
TL L L L

Mθ θ θ θ= …  and Uθ =  

( )1 2, , ,
TU U U

Mθ θ θ…  are chosen such that ( )ˆ Lu X θ  

( )ˆ( ) ,Uu X u X θ∗≤ ≤ .XX U∀ ∈ Algorithm (15) 

guarantees not only that ,L U
j j jθ θ θ≤ ≤  1 ,j M= …  

but also ( ) ( )ˆ ˆ ˆ( ) .L Uu X u X u Xθ θ θ≥ ≥  Thus, it 

allows us to set explicit bounds on the control signal 
ˆ( ).u X θ  This is useful in practice to avoid actuator 

saturation and failure. 
Remark 3: In the controller, there are 3 design 

parameters: ,k  ,Q  and .γ  k  is chosen such that 
the error dynamic (4) is Hurwitz stable. Let min ( )Qλ  
be the minimum eigen value of .Q  In general, 
increasing min ( )Qλ  and γ  lead to better transient 
response and smaller steady-state error. However, too 
large min ( )Qλ  and γ  lead to chattering and high 
gain control. Therefore, in practical applications, the 
design parameters should be adjusted carefully for 
achieving suitable transient performance and control 
action. 

 
5. EXAMPLES 

 
To demonstrate the theoretical results, we present 2 

applications to an inverted pendulum and a magnetic 
 

 
Fig. 1. The inverted pendulum. 
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levitation system. 
 

5.1. Inverted pendulum 
The dynamics of the system (see Fig. 1) is given by: 

 

1 2
2
2 1 1

2 1 2
1

1
2

1

1

,

. . .cos .sin 1.sin .
cos4

3

cos 1       . .
cos4

3

  ( ) ( ) ,
,

c

c

c

c

x x

m l x x xx g x
m m m xl

m m

x u
m m m xl

m m

f x g x u
y x

=

 
= − 

+     −  + 

+
+  

−  + 
= +
=

�

�

 

in which 1x  is the angular position of the pendulum, 

2x  is the angular velocity of the pendulum, cm  is 
mass of the cart, m  is mass of the pendulum and l  
is half-length of the pendulum. In the simulation, 

1kg,cm =  0.1kg,m =  and 0.5m.l =  The initial state 

is 1 2[ (0), (0)] [ / 6, / 6] .T Tx x π π= − −  
The control objective is to make the angular 

position 1y x=  track the reference signal ( )r t =  
0.5sin( ).t  

The operating input ranges are chosen as follows: 

[ ]1 1,1 ;x ∈ − [ ]2 1,1 ;x ∈ − [ ]1,1 .v ∈ −  

The membership functions of each input variable 
1,x  2 ,x  and v  are chosen as shown in Fig. 2. All 

possible rules are used. Thus, there are 3 3 3 27× × =  
rules. All the consequent values are initially chosen as 
zeros. 

Assume that, due to the physical limitation of 
actuators, the force applied on the cart u  has to be in 
the range [ ]15 ,15 .N N−  From Remark 2, this can be 

assured by setting 1 2 27 15L L Lθ θ θ= = = −…  and 

1 2 27 15.U U Uθ θ θ= = = −…  
From Remark 3, the design procedure can be: 

• choose ,k  and .Q  
• estimate P  using (10). 
• tune γ  until satisfied performance is obtained. 

In this application, the controller parameters are 
chosen as follows: 

[ ]1 1 ;Tk =
20 0

;
0 10

Q
 

=  
 

25 10
;

10 15
P

 
=  
 

50.γ =  

The results are shown in Figs. 3-5. It can be seen 
that the inverted pendulum is successfully controlled 
by the direct adaptive fuzzy controller. From an initial 
tracking error of / 6,π−  it converges quickly to the 
range [ ]0.02,0.02 .−  The control signal is shown in 
Fig. 5. 

The same application is also controlled successfully 
in [5,12]. However, Gao [5] requires the determination 
of ( ) 1 .g x −  In Wang [12], ( )g x  needs to be known 
to implement the adaptive algorithm (28). Also, the 
bounds of ( )f x  and ( )g x  are required. Here, we 
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have shown that the only requirement on the control 
gain is its sign. This simplifies the design process and 
eliminates the time and cost of determining those 
extra requirements. 

 
5.2. Magnetic levitation system 

In this application, the control objective is to 
control the position of a magnet suspended above an 
electromagnet, where the magnet is constrained so 
that it can only move in the vertical direction (see Fig. 
6). The equation of motion of this system is: 

2 ( )( ) sgn( ) ( ),
( )

i ty t g i y t
M y t M
α β= − + −�� �  

where ( )y t  is the distance of the magnet above the 
electromagnet, ( )i t  is the current flowing in the 
electromagnet, M  is the mass of the magnet, and g  
is the gravitational constant. The parameter β  is a 
viscous friction coefficient that is determined by the 
material in which the magnet moves, and α  is a 
field strength constant that is determined by the 
number of turns of wire on the electromagnet and the 
strength of the magnet. In this application, we choose 

3kg,M = 15,α =  and 12.β =  The desired position 

( )dy t  is taken randomly in the range [ ]0.5cm,4cm .  
The reference trajectory is generated using a reference 

model with transfer function 
( )
( ) ( )( )

4 .
2 2

t

d

y s
y s s s

=
+ +

 

Let 1 ( ),x y t=  2 ( ),x y t= �  and 2sgn( ) ( ).u i i t=  
Thus, the current i  can be calculated as sgn( )i u=  

( ).abs u  The dynamic equations become 

1 2

2 2
1

1

,

,

,

x x

x g x u
M Mx

y x

β α
=

= − − +

=

�

�  

which is in the affine form (1). Therefore, we can 
apply our proposed direct AFC to control this system. 

The range of the inputs are: 

[ ]1 0,5 ;x ∈  [ ]2 5,10 ;x ∈ −  [ ]10,10 .v ∈ −  

The membership functions of the three input 
variables are in Figs. 7-9. All the consequent values 
are initially chosen as zero. 

Assume that the current flowing in the 
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Fig. 6. A magnet levitation system. 
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electromagnet ( )i t  has to be in the range [ ]5 ,5 .A A−  
From Remark 2, this can be easily assured by setting 

1 2 27 5L L Lθ θ θ= = = −…  and 1 2 27 5.U U Uθ θ θ= = =…  
Using the same design procedure in application 1, 

the controller parameters are: 
 

[ ] 20 0 25 10
1 1 ; ; ; 25.

10 150 10
Tk Q P γ   

= = = =   
  

 

The results are shown in Figs. 10-12. It can be 
observed that the actual output tracks closely the 
reference trajectory. Fig. 11 shows that the tracking 
error is maintained in the range [ ]0.1cm,0.1cm ,−  
and the set-point error converges to a very small 
neighbourhood of zero. Similar to the first application, 
the only requirement for the control gain ( )g x  is its 
sign, which is positive in this case. Further knowledge 
of ( )g x  or its bounds are not necessary. 

 
6. CONCLUSION 

 
In this paper, we show that in direct AFC, the only 

requirement is that the sign of the control gain is 
known and extra requirements on the control gain 

( )g x  are not needed. Using a simple extension of the 
well-known universal approximation theorem, we 
perform stability analysis of the direct AFC, and show 
that the stability analysis is very much like the 
stability analysis for the traditional indirect AFC. 
Applications to an inverted pendulum and a magnet 
levitation system confirm the theoretical results. 

 
APPENDIX A 

Proof of Lemma 1: Let .j
XX U∈  As ( ) ,g x  

( )ˆ ,u X θ  and ( )u X∗  are continuous at ,jX  for 

each 1 , 1,i n n= +…  there exists a 0j
iδ >  such that 

( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( )( )

 1 1

ˆ
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ˆ

ˆ

j j
i i i

j j j j

j j j

X X i n

g X u X g X u X

g X u X g X u X

g X u X g X u X

g X u X u X

δ

θ

θ ε

θ

θ ε

∗

∗ ∗

∗

∗ ∗

− < = +

 ⇔ − 

 − − ≤  

 ⇔ − 

− − ≤

…
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( ) ( ) ( ) ( )

( ) ( )( )
ˆ

ˆ ,j jj

g X u X g X u X

c u X u X

θ

θ ε

∗

∗ ∗

 ⇔ − 

− − ≤
      (A.1) 

where ( ) 0.jjc g X= >  

Define  

( ){ }1 1 .j j
j i i iX X X i nδΟ = − ≤ = +…  

As XU  is compact, there exists a finite subfamily 

1,Ο 2 ,Ο ,… MΟ  such that 

1 2 .X MU ⊆ Ο ∪ Ο ∪ ∪ Ο…  

Choose 
( ) ( )( ), ,j j j j j

i ii i i i iA X X X Xα δ δ= − +i 1 1,i n= +…  

1j M= …  such that  

( )
( )

1 if 
,  , 1

0 if 

j k
ii

j k
ii

A X k j
j k M

A X k j

 = = =
= ≠

…         (A.2) 

( ) ,j
j u Xθ ∗ ∗=i  1j M= …               (A.3) 

From (2) and (A.2),  

( ) ( )
1

1 2

ˆ

0 0 1 0

M
j j

k k
k

j M

u X Xθ ζ

θ θ θ θ
=

=

= × + × + × + + ×

∑
… …

 

.jθ=                           (A.4) 

Substituting (A.3) and (A.4) to (A.1), we have: 

( ) ( ) ( ) ( ) ( )ˆ .j
j jg X u X g X u X cθ θ θ ε∗ ∗ ∗ − − − ≤ 

 (A.5) 
As ( ) 0 for j jX Xζ ≠ ∈Ο  and ( ) 0 for j X Xζ =  

,j∉Ο  

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

ˆA.5
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j j j j

g X u X g X u X

c X X
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Take the summation for 1 ,j M= …  
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Since ( )
1

1,
M

j
j

Xζ
=

=∑  we have: 

( ) ( ) ( ) ( )ˆg X u X g X u X θ∗ −   

( ) ( )
1

.
M

j
j j j

j
c Xθ θ ζ ε∗ ∗

=
− − ≤∑            

(A.6)
 

Thus, ( ) ( ) ( ) ( )ˆg x u X g x u X θ∗ −  can be appro-

ximated by ( ) ( )
1

:
M

j
j j j

j
c Xθ θ ζ∗

=
−∑  

( ) ( ) ( ) ( )

( ) ( )
1

ˆ

,
M

j
j j j

j

g x u X g x u X
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∗

=

−
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where ε ε∗≤  and jc  are some positive constants. 
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