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Abstract: A new approach to H∞ multi-step prediction is developed by applying the innovation 
analysis theory. Although the predictor is derived by resorting to state augmentation, nevertheless, 
it is completely different from the previous works with state augmentation. The augmented state 
here is considered just as a theoretical mathematic tool for deriving the estimator. A distributed 
algorithm for the Riccati equation of the augmented system is presented. By using the 
reorganized innovation analysis, calculation of the estimator does not require any augmentation. 
A numerical example demonstrates the effect in reducing computing burden. 
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1. INTRODUCTION 
 
The estimation problem of a stochastic process, 

given observations of a related random process, is 
encountered in many areas of science and engineering 
[1]. There are two well-known approaches for such 
problems. One is based on the L2 or H2 criterion, 
where the estimators are designed to minimize the 
mean squared error, for example, the Wiener filtering 
and Kalman formulation. Another is based on the H∞ 
performance. An H∞ estimator is to minimize the 
maximum energy gain from the disturbances to the 
estimation errors; see [2,3] for the continuous-time 
case and [4] for the discrete-time one, and is 
applicable to situations where no statistical 
information of input noises is available. Recently, 
much of the attention has been paid on the H∞ 
estimate problem and some improvements have been 
made (see, e.g., [5-9] and the references therein). 

Of the two different approaches, the H2 estimate 
theory, including filtering, smoothing and prediction, 
has been the most researched in past decades. The 
estimation under H∞ performance, inspired by Zames 

[10], has been extensively studied since 1980 and has 
been approached by numerous authors using various 
techniques. It should be pointed out that previous 
works are mainly concentrated on the filtering and the 
one-step prediction, whereas less attention has been 
paid to the more complicated multi-step prediction 
problem. The H∞ prediction problem, where an 
estimator of the current state is sought based on 
measurements in a past infinite interval, was 
addressed through system augmentation. However, the 
multi-step prediction process would be computational 
too expensive. The H∞ prediction problem has been 
studied in [11] without resorting to system 
augmentation for the first time, and the estimator is 
obtained by minimizing quadratic functions. 
Unfortunately, the derivation is complex, and the 
existence condition of the l-step predictor is not easy 
to be verified. 

In this paper, we aim to present a new approach to 
the H∞ multi-step ahead prediction problem by 
introducing a reorganized innovation sequence and the 
projection formula in an indefinite space, i.e., the so-
called Krein space. The key behind this simplicity is 
the presentation of a distributed algorithm for the 
Riccati equation of the augmented system. 

Notations: Whenever the Krein space elements and 
the Euclidean space elements satisfy the same set of 
constraints, we shall denote them by the same letters 
with the former identified by bold faces and the latter 
by normal faces. 

 
2. PROBLEM STATEMENT 

 
We consider the following linear system for the H∞ 

estimation problem 

( 1) Φ ( ) Γ ( )t tx t x t u t+ = + ,    (1) 
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( ) ( ) ( )ty t H x t v t= + ,    (2) 
( ) ( )tz t L x t= ,     (3) 

where ( ) ( ) ( ) ( )n m r mx t y t u t v t∈ , ∈ , ∈ , ∈R R R R  and 

( ) pz t ∈R  represent the state, measurement output, 
input noise, measurement noise and the signal to be 
estimated, respectively. It is assumed that the input 
and measurement noises are deterministic signals and 
are from L2[0, N], where N is a time-horizon of the 
estimation problem under investigation. 

The H∞ l -step prediction problem can be stated as 
follows. 

Given scalar γ 0,>  positive integer l and 

observations { } 0,( ) t l
jy j −
= find an estimator ( | )z t t l−  

of ( ),z t  if exist, such that the following inequality is 
satisfied 

 

0

20

( ) 0 1
0 0 0

0 0

[ ( | ) ( )] [ ( | ) ( )]
γsup

Π ( ) ( ) ( ) ( )

N
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t
N N l

x u v T T T

t t

z t t l z t z t t l z t

x x u t u t v t v t

=
−

, , ≠ −

= =

− − − −
< ,

+ +

∑

∑ ∑
(4) 

where 0 (0),x x=  and 0Π  is a given positive 
definite matrix which reflects the relative uncertainty 
of the initial state to the input and measurement noises. 

 
3. H∞ MULTI-STEP PREDICTION 

 
For the sake of comparison, we first review the 

existing results for multiple-step prediction with 
augmentation, and then present the new results with 
distributed algorithm. 

 
3.1. Multi-step prediction by augmentation 

In view of (4), the cost function for multi-step 
prediction game is 

1
0 0 0

0
( ) Π ( ) ( )

N
T T

t
J t x x u t u t−

=
= +∑   

(5)
 

2

0 0
( ) ( ) γ ( ) ( )

N N
T T

z z
t t

v t l v t l v t v t−

= =
+ − − − ,∑ ∑  

where ( ) 0, ( 0),v t l t l l− = < >  and ( ) ( | )zv t z t t l= −  
( )z t− .  
Firstly, we recall some related results obtained in 

[12]. The predictor is derived with the help of the 
following augmented state space 

( 1) Φ ( ) ( ) Γ ( ) ( )a a a ax t t x t t u t+ = + ,   (6) 
( ) ( ) ( ) ( )a ay t l H t x t v t l− = + − ,   (7) 

( ) ( ) ( )t a aL x t L t x t= ,    (8) 

where 

( ) ( ) ( 1) ( )
TT T T T

ax t x t x t x t l = − − ,   (9) 
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   
   
     

 (10) 

 
0 0

( )
0 0a

t l

t l
H t

H t l − 

≤ < ,
=  , ≥ ,

  (11) 

 ( ) 0 0 0 .a tL t L =     (12) 

According to the forms of (9)-(12), the cost 
function of the game then becomes 

1
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0
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Note that the H∞ multi-step prediction is equivalent 
to the H∞ filtering problem for the augmented system 
(6)-(8). The results in [12] are summarized as 
followed. 

Lemma 1: Considering the system (1)-(3) and the 
associated performance criterion (4), and a given 
scalar γ 0,>  then we have 
1) An H∞ estimator ( | )z t t l−  that achieves (4) 
exists if and only if the following Riccati equations 

 ( 1) Γ ( )Γ ( ) Φ ( )Σ ( )Φ ( )T T
a a a a a aP t t t t t t+ = + ,  (14) 

 
{

} 12

Σ ( ) ( ) [ ( ) ( )

γ ( ) ( )] ( )

T
a a a a

T
a a a

t P t I H t H t

L t L t P t
−−

= +

−
 (15) 

 1
0Σ (0) diag(Π 0 )a nl nl
−

×= , ,   (16) 

or equivalently, 
 

1
1 1Π ( ) ( 1 ) [ ( ) ]T T

a a t l m t l l l t lt P l t H I H P t H −
− − + , + −= − + , +

× ( 1 ) ( )T
t l a aH P l t P t− + , + ,          (17) 

2 2 1
11Σ ( ) γ Π (1 ) [ γ Π ( ) ]T T

a a t p t tt t L I L t L− − −= , −  

× Π (1 ) Π ( )T
t a aL t t, + ,              (18) 

 ( 1) Γ ( )Γ ( ) Φ ( )Σ ( )Φ ( )T T
a a a a a aP t t t t t t+ = +  (19) 

have a solution so that Σ ( ) 0 0 ,a t t N≥ , < ≤  where 
Pa(t) is partitioned as 

,
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 ( ) { ( ) 1 1}a ijP t P t i j l= , ≤ , ≤ + ,   (20) 

with the dimension of ( )ijP t  is × ,n n ( )aP i t,  

represents the i - th  column blocks of ( ),aP t  and 
Π ( )a t  is partitioned similarly to ( ).aP t  
2) In this case, the H∞ multi-step prediction is 
obtained as 

 ( | ) ( ) ( )aaz t t l L t tx− = ,    (21) 

where ( )a tx  is computed by the following equation: 

1( 1) Φ ( ) ( ) ( )[ ( ) ( ) ( )]T T
a a a a a a at t P t H t I H t P t H tx −+ = +

            ×[ ( 1 ) ( 1)Φ ( ) ( )]aa ay t l H t t tx+ − − +  
Φ ( ) ( )aa t tx+ .                  (22) 

Remark 1: As shown in Lemma above, Pa(t) = 
{ ( ) 1 1}ijP t i j l, ≤ , ≤ +  is the key to design the multi-
step predictor. The calculation is very complicated 
because of the high dimension of the augmented 
system. For the sake of simplicity, we shall propose a 
distributed algorithm. 

 
3.2. A new method for multi-step prediction 

In view of (1)-(3), we introduce a system in Krein 
space [11,13] 

 ( 1) Φ ( ) ( ) Γ ( ) ( )x x ua a a at t t t t+ = + ,   (23) 

 
( ) ( )( )

( )
( ) ( )( | )

a
a

a z

H t t lt l
t t l

L t tt t l
−−     

= + , ≥ ,    −    

vy
x

vz
 (24) 

 ( | ) ( ) ( ) ( ) 0a a zt t l L t t t t l− = + , ≤ < ,z x v  (25) 

where Φ ( ) ( ) ( ) Γ ( )a a a at H t L t t, , ,  are defined as 
(10)-(12), ( ) ( )u vi i,  and ( )vz i  are assumed to be 
uncorrelated white noises 

( ) ( ) ( )δ ( ) ( ) ( )δu u v vu ij v iji j Q i i j Q i, = , , = ,  

 ( ) ( ) ( )δ ,z z u iji j Q i, =v v    (26) 
2( ) ( ) ( ) γ

zu r v m v pQ i I Q i I Q i I= , = , = − ,   

here the bilinear form ,  is an operator to obtain the 

covariance matrix, i.e., ( ),u u E uu∗, =  where ()E  
denotes ”expectation”. 

Remark 2: Note that ( ) 0,
zvQ i <  then system 

(23)-(25) is no longer a system in Euclidean space but 
an indefinite space (Krein space). 

The linear H2 estimation theory in Krein space has 
been well studied in [11]. For the convenience of 
discussion, we recall the projection in Krein space. 

Given elements ( )s i  and 0 1{ }y y y j, , ,  in Krein 

space, we define ˆ( | )i js  to be the projection of ( )s i  

onto 0 1{ },jL , , ,y y y  then 

 ˆ( ) ( | ) ( | )i i j i j= + ,s s s    (27) 

where 0 1ˆ( | ) { }ji j L∈ , , ,s y y y  and ( | )i js  satisfy 
orthogonality condition 

 0 1( | ) { }ji j L⊥ , , , ,s y y y   (28) 

or equivalently, ( | ) 0ki j , =s y  for any 0 1 ,k = , ,  
.j  As is well known, the projection in Euclidean 

space always exists and unique. However, this is not 
always the case in Krein space. Actually, the Krein 
space projection exists and is unique if and only if a 
certain Gramian matrix is nonsingular. 

Let yz(t) be the observation of system (24)-(25) at 
time ,t  then we have, 

 
( | ) 0

( ) ( )
.

( | )
z

t t l t l
t t l

t l
t t l

− , ≤ <
= −  , ≥  − 

z
y y

z
  (29) 

Theorem 1: Consider the system (23)-(25). The 
matrix ( )aP t  is as 

 1
0

( ) ( ) ( )

(0) (Π 0 )

a aa

a lp lp

P t t t

P diag −
×

, ,

= , ,

x x
  (30) 

where 

 ( ) ( ) ( | 1)ˆa aat t t t= − − ,xx x   (31) 

and ( | 1)ˆ a t t −x  is the projection of ( )xa t  on the 
linear space 

 { (0) (1) ( 1)}z z zL t, , , − .y y y   (32) 

Then the matrix ( )aP t  is the solution to Riccati 
equations (14)-(16) or (17)-(19). 

Proof: For ,t l>  using the Kalman filtering 
formulation in Krein space [11,13], it follows 

( )
ˆ( 1| ) Φ ( ) ( | 1) Φ ( ) ( )ˆ ( )

T
a

a a a a
a

H t
t t t t t t P t

L t
 

+ = − +  
 

xx

1× ( ) ( ),
zw zQ t t− w               (33) 

where wz(t) is the innovation, i.e., one step prediction 
error of observation ( )z t t l, ≥y , 

 
( ) ( )

( ) ( )
( ) ( )

a
az

a z

H t t l
t t

L t t
−   

= + ,   
  

v
w x v

  (34) 

and ( )
zwQ t  is calculated by 

 ( ) ( ) ( )
zw z zQ t t t= , .w w    (35) 
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Since ( 1)xa t +  is uncorrelated with ( ),z tw  it 
follows from the above equation that 

 

1( ) ( )
( 1) Φ ( ) ( ) ( )

( ) ( )

× ( )Φ ( ) Φ ( ) ( )Φ ( ) Γ ( )Γ ( )

z

T
a a

a a a w
a a

T T T
a a a a a a a

H t H t
P t t P t Q t

L t L t

P t t t P t t t t

−   
+ +    

   

= + .

(36) 

 
Obviously, (36) can be rewritten as (17)-(19). 
For ,t l≤  similar results can be easily rewritten as 

(17)-(19) with the initial value (0).aP  Now we 
complete the proof.                           

In view of (9) and (30), the matrix ( )aP t  has the 
form of 

( ) { ( ) 1 2 1}a ijP t P t i j l= , , = , , , + ,   (37) 

with 

( ) ( 1) ( 1)ijP t t i t j= − + , − + ,x x   (38) 
ˆ( 1) ( 1) ( 1| 1)t s t s t s t− + = − + − − + − ,x x x  

,s i j= ,     (39) 

where ˆ ( 1| 1) ( )t s t s i j− + − , = ,x  is the projection of 
( 1)x t s− +  onto the linear space of (32). Thus the 

computation of ( )aP t  is converted into the problem 
of calculating ( ) ( 1 2 1).ijP t i j l, = , , , +  To this end, 
we introduce a reorganized innovation sequence and 
the associated Riccati equation. 

From (29) and let 1 1,lt t l+ − −  the linear space 
(32) is equivalent to 

1{ (0) ( ) (0) ( 1)}l sL t t+, , ; , , −y y y y  (40) 

or 

1{ (0) ( ) ( ) ( 1)}y y y yf f l s sL t t l t+, , ; − , , − ,  (41) 

where for 10 1 ,li t += , , ,  

( )( )
( ) ( ) ,

( )( | )
i

f
i z

H ii
i i

L ii i l

 
 
 
 

  
= +   −   

vy
y x

vz
 (42) 

and 

( ) ( | ) 1 2 1s i i i l i t− , = , , , − .y z   (43) 

Definition 1: The estimation ˆ( | )i k jξ ,  is defined 
as the projection (if exists) of ξ( )i  onto the linear 
space of 

{ (0) ( ) (0) ( )}.s sL j k, , ; , ,y y y y  

Based on Definition 1, the reorganized innovation 
sequence associated with (40) (or equivalently (41)) is 

1 1{ (τ τ) 0 τ (τ ) τ 1}l lt t t l t+ +, , ≤ ≤ ; , , − ≤ ≤ − ,w w  (44) 

where 

ˆ(τ τ) (τ) (τ | τ 1 τ 1)f f, − − , − ,w y y   (45) 

1 1 1ˆ(τ ) (τ) (τ | τ 1 ) τl s l lst t t+ + +, − − , , > ,w y y  (46) 

while ˆ (τ | τ 1 τ 1)f − , −y  and 1ˆ (τ | τ 1 )ls t +− ,y  are 

defined as in Definition 1, i.e., the projection of 
(τ)y f  and (τ)ys  onto linear space 

{ (0) (τ 1)}y yf fL , , −  

and 

{ }1(0) ( ) ( ) (τ 1)y y y yf f l s sL t t l+, , ; − , , − ,  

respectively, and (τ) ( | ).s t t l= −y z  
Similar to the discussion in [14], it is not difficult to 

show that (44) is the innovation sequence and spans 
the same linear space as (41), where (44) is termed as 
the reorganized innovation process. 

Definition 2: The matrix 

( ) ( ) ( ) 0 0j
iP t t j t i t j i+ , + , ; ≥ , >x e  (47) 

is termed as the cross covariance matrix of the state 
( )x t j+  with state estimation error ( ),t i t+ ,e  

ˆ( ) ( ) ( | 1 ) 0t i t t i t i t i t i+ , = + − + + − , , > ,e x x  (48) 

and ˆ( | 1 )t i t i t+ + − ,x  is as in Definition 1. 

As to be shown, the matrix ( )j
iP t  plays an 

important role for the distributed algorithm of ( ).aP t  

Theorem 2: The cross-covariance matrix ( )j
iP t  

can be calculated by the following process. 
1) The case of .i j=  

For 1i = , 1
1 ( )P t  is a solution to the following 

equation 

1 1 1
1 1 1

1 1
1

( ) Φ ( 1)Φ Φ ( 1)

× ( ) ( 1)Φ Γ Γ

T
tT

t t t
t

t T T
w t t t

t

H
P t P t P t

L

H
Q t t P t

L
−

 
= − − −  

 
 

, − + , 
 

 (49) 

where 1
1 0( 1)P P− =  and 

1
1 2

0
( ) ( 1)

0 γ

T
mt t

w
t t p

IH H
Q t t P t

L L I

    
    
    

      

, = − + .
−

 (50) 

For 1,i >  ( )i
iP t  is a solution to the following 

Riccati equation 

1 1
1 1 1 1 1 1( ) Φ ( )Φ Φ ( )i i T i T

i t i i t i t i i t iP t P t P t H− −
+ − − + − + − − + −= −  
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1 1

1 1 1
1

1 1 1

× ( 1 ) ( )Φ

Γ Γ ( )

i T
w t i i t i

T
t i t i

Q t i t H P t

P t

− −
+ − − + −

+ − + −

+ − ,

+ , ,
   (51) 

where 
1 2

1 1 1( 1 ) ( ) γi T
w t i i t i pQ t i t L P t L I−

+ − − + −+ − , = − .  (52) 

2) The case of .i j≠  
For ,j i>  

1
1( ) Φ ( ) ( )j j i

t j ii iP t P t P t−
+ −= , ,   (53) 

else for j i< , 

1( ) ( ) ( 1 ) ( )j j jT
i jiP t P t A t i t P t−= + − , , ,  (54) 

where 
1

1 1 1 1
1

1

( 1 ) Φ Φ ( )

× ( 1 )

i T
t i t i i t i

w t i

A t i t P t H

Q t i t H

−
+ − + − − + −
−

+ −

+ − , = −

+ − , .
 (55) 

Proof: By applying the reorganized innovation 
analysis, the proof is completed similarly as [14].    

Now, we present the distributed algorithm for 
computing Pa(t) based on the reorganized innovation 
sequence and the associated Riccati equations 
aforementioned. 

Theorem 3: The solution to the Riccati equation 
(17)-(19) associated with the augmented system (6)-
(8) is given by ( ) { ( ) 1a ijP t P t i= , ≤ ,  1},j l≤ +  where 

( )ijP t  compute by 
1

2 2
2 1 1 1

1
21

1 11

( ) ( ) ( )

× ( ) [ ( )]

j
l i l i T

ij l j l l s l t s
s

l j T
w l t s ll s

P t P t P t L

Q t s t L P t

−
− + − +

− + + − + + −
=

− +−
+ − +− +

= −

− , ,

∑
 (56) 

where 1 1,lt t l+ = − −  

1 2
1 1 1( ) ( ) γl s T

w l t s l s l t s pQ t s t L P t L I− +
+ − − + + −− , = − ,  (57) 

and 1( )lP t⋅
⋅ +  are calculated by Theorem 2. 

Proof: Note that 

1ˆ( 1) ( 1) ( 1| 1 )lt j t j t j t t +− + = − + − − + − , ,x x x  

where 1ˆ( 1| 1 )lt j t t +− + − ,x  is the projection of 
( 1)x t j− +  onto the linear space of (40). Since 
( )w ⋅, ⋅  is white noise, using projection formula yields 

1
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1 11
1

1
1 1
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× ( ) ( ),

j
l j T

l l t sl s
s

w l l

t j t j t P t L
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−
− +
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=
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− , − ,

∑x e
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where 

1 1( ) ( ) ( )w e vl t s l zt s t L t s t t s+ − +− , = − , + − .  (58) 

Thus we have ( )ijP t  as shown in (56).           
By Theorem 2, a simple method for multi-step 

prediction can be obtained easily as in the following 
theorem. 

Theorem 4: Consider the system (1)-(3). For a 
given scalar γ 0,>  
1) An H∞ estimator ( | )z t t l−  that achieves (4) 
exists if and only if 

1 1 11
2

1 1 11

( ) ( )
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T T
t l l l t l m t l l t
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t l t l t t p

H P t H I H P t L
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p
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I

 
 
 
  −

 

have the same inertias. 
2) If ( | )z t t l t l− , ≥  exists, then the H∞ multi- step 
predictor ( | )z t t l−  is given by 

( | ) ( ) ( )aaz t t l L t tx− = ,  

where ( )a tx  is computed by 

( 1) Φ ( ) ( ) ( 1) ( 1)
( 1) ( 1)Φ ( ) ( )]

a aa a

aa a a

t t t K t y t lx x
K t H t t tx

+ = + + − +
− + + ,

 (59) 

1
1 1( ) ( 1 ) [ ( ) ]T T

a a t l t l l l t lK t P l t H I H P t H −
− − + , + −= + , + ,

 
(60) 

with 

1 1

1 1

( )
( 1 )

( )

l

a

l l

P t
P l t

P t

, +

+ , +

 
 + , = . 
  

 

The matrices 11( )P t  and 1( ) 1 2 1i lP t i l, + , = , , , +  
can be computed as 

1 1
11 1 1 11 1 1( ) ( ) ( ) ( )l

l l l l lP t P t P t P t+
+ + + , + += , = ,  (61) 

2 2
1 1 1 1 1

1
1 2

1 1 1

( ) ( ) ( )

× ( ) [ ( )]

l
l i l i

i l l l s l
s

T l i T
t s w l t s l s l

P t P t P t

L Q t s t L P t

− + − +
, + + − + +

=
− − +

− + − − + +

= −

− , .

∑
 

(62) 
Proof: Based on Lemma 1, for a given γ 0,>  an 

H∞  estimator ( | )z t t l−  that achieves (4) exists if 
and only if Σ ( ) 0 (0 ),a t t N> , < ≤  where Σ ( )a t  is 
as in (15) and ( )aP t  can be computed by Theorem 3. 
Recall [11,13], Σ ( ) 0 (0 )a t t N> , < ≤  is equivalent to 
that 
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2

0( ) ( )
( )

( ) ( ) 0 γ

T
ma a

a
a a p

IH t H t
P t

L t L t I

 
 
 
  

   
+    −   

 

and 

2

0

0 γ
m

p

I

I

 
 
 
  −

 

have the same inertia. Furthermore, we note that 

2

1 1 11
2

1 1 11

0( ) ( )
( )

( ) ( ) 0 γ

( ) ( )
( ) ( ) γ

T
ma a

a
a a p

T T
t l l l t l m t l l t

T T
t l t l t t p

IH t H t
P t

L t L t I

H P t H I H P t L
L P t H L P t L I

 
 
 
  

 
− + , + − − + , 

 
 , + − 

   
+    −   

+
= .

−

 

A multi-step predictor ( | )z t t l−  is given by (20)-
(22), which can be easily rewritten as (59)-(62).  

Remark 3: Note that only the block matrices 
1( ) 1 2 1i lP t i l, + , = , , , +  and 11( )P t  are required for 

the multi-step predictor in Theorem 4. We need not to 
compute all the blocks of ( ) { ( )a ijP t P t i j= , , =  
1 2 1}l, , , +  as in (17)-(19). 

 
3.3. Operation count for computing ( )aP t  

In the above subsection, we have revisited the 
previous work and presented a new approach for 
multi-step prediction. For the purpose of comparison, 
we shall give the operation numbers of calculating 

( )aP t  by the two approaches. 
Traditionally, as additions are much faster than 

multiplications and divisions, counted together, which 
is used as the operation count. For a convenient 
notation, denote ( )MD ⋅  the number of multiplica-
tions and divisions (the multiplication is from right to 
left), the MD1 and MD2 are defined as the numbers of 
calculating ( )aP t  with ( 1)aP t −  by previous work 
and the new approach in this paper. It is clear that 

1 2MD MD>  when l is appropriately large. Moreover, 
when l  is bigger, the difference is bigger (suppose 
that p  is fixed). For example, consider the system 
(1)-(3) with 4 1 3n m p= , = , =  and 1.r =  We 
investigate the relationship between the MD number 
and l  shown as Table 1. 

4. CONCLUSION 
 
In this paper, we have approached the problem of 

H∞ multi-step prediction by using the innovation 
reorganization analysis and the projection formula in 
an indefinite linear space. The main contribution is 
that we have presented a distributed algorithm to the 
Riccati equations. A numerical example has clearly 
indicated the low computational cost of our algorithm. 
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